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Introduction

1 MAG is a natural generalization of the ideas of A. Einstein and
D. Hilbert;

2 MAG is the most suitable framework for describing gravitational
interaction within the gauge approach to interaction carrier
fields;

3 MAG is a logical step toward constructing a potentially
renormalizable theory of gravity, analogous to the transition
from Fermi’s four-fermion theory to the electroweak interaction
theory.
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Presentation Focus

The Study of Quantum Aspects of Introducing Additional
Projective Symmetries and Gauge Fixing in Metric-Affine Gravity
Theory.

Baikov P., Hayashi M., Nelipa N., Ostapchenko S. Ghost-
and tachyon-free gauge-invariant, Poincaré, affine and projective
Lagrangians // Gen. Relat. Gravit. 1992. vol. 24, p. 867–880
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Symmetries in MAG (1)

𝑥𝑚 → 𝑥′𝑚(𝑥)

𝑔𝑚𝑛 → 𝑔′𝑚𝑛 = 𝑔𝑎𝑏
𝜕𝑥𝑎

𝜕𝑥′𝑚
𝜕𝑥𝑏

𝜕𝑥′𝑛

Γ𝑙
𝑚𝑛 → Γ′𝑙

𝑚𝑛 =
𝜕𝑥′𝑙

𝜕𝑥𝑟
𝜕𝑥𝑠

𝜕𝑥′𝑚
𝜕𝑥𝑡

𝜕𝑥′𝑛
Γ𝑟

𝑠𝑡 +
𝜕𝑥′𝑙

𝜕𝑥𝑟
𝜕2𝑥𝑟

𝜕𝑥′𝑚𝜕𝑥′𝑛
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Symmetries in MAG (2)

𝑑2𝑥𝑖

𝑑𝜆2
+ Γ𝑖

𝑗𝑘

𝑑𝑥𝑗

𝑑𝜆

𝑑𝑥𝑘

𝑑𝜆
= 𝑓(𝜆)

𝑑𝑥𝑖

𝑑𝜆

If 𝑓(𝜆) = 0, then 𝜆 is an affine parameter.
If 𝑓(𝜆) ̸= 0, one can always perform a reparametrization
𝜆 ↦→ 𝜆̃(𝜆) to absorb 𝑓(𝜆) and bring the equation back to
affine form.

Γ𝑙
𝑚𝑛 → Γ𝑙

𝑚𝑛 +𝑁 𝑙
𝑚𝑛

𝑁 𝑙
𝑚𝑛 = 𝛿𝑙𝑚𝐶𝑛 + 𝛿𝑙𝑛𝐵𝑚 + 𝐹 𝑙𝑔𝑚𝑛 + 𝑔𝑙𝑠𝐸𝑠𝑚𝑛 + 𝑔𝑙𝑠𝑈𝑠𝑚𝑛
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Symmetries in MAG (3)

Γ𝑙
𝑚𝑛 → Γ𝑙

𝑚𝑛 +𝑁 𝑙
𝑚𝑛

𝑁 𝑙
𝑚𝑛 = 𝛿𝑙𝑚𝐶𝑛 + 𝛿𝑙𝑛𝐵𝑚 + 𝐹 𝑙𝑔𝑚𝑛 + 𝑔𝑙𝑠𝐸𝑠𝑚𝑛 + 𝑔𝑙𝑠𝑈𝑠𝑚𝑛

𝐸𝑠𝑚𝑛 = 𝐸[𝑠𝑚𝑛]

𝑈𝑠𝑚𝑛 = 𝑈𝑠[𝑚𝑛]

𝑈 𝑚
𝑠𝑚 = 0, 𝑈 𝑛

𝑛𝑚 = 0, 𝑈𝑚
𝑚𝑛 = 0

𝑈𝑙𝑚𝑛 + 𝑈𝑛𝑙𝑚 + 𝑈𝑚𝑛𝑙 − 𝑈𝑙𝑛𝑚 − 𝑈𝑚𝑙𝑛 − 𝑈𝑛𝑚𝑙 = 0
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Action of the Considered Theory

𝑆 =
1

κ2

∫︁
d4𝑥

√
−𝑔

{︀
𝑅− 2Λ +𝑄𝑎

𝑏𝑐𝑄
𝑙
𝑚𝑛ℐ 𝑏𝑐 𝑚𝑛

𝑎 𝑙 +

+𝑊𝑎𝑏𝑐𝑄
𝑙
𝑚𝑛𝒥 𝑎𝑏𝑐 𝑚𝑛

𝑙 +

+𝑊𝑎𝑏𝑐𝑊𝑙𝑚𝑛𝒦𝑎𝑏𝑐𝑙𝑚𝑛
}︀

𝑊𝑎𝑏𝑐 = ∇𝑎𝑔𝑏𝑐 ̸= 0 - non-metricity, 𝑄𝑎
𝑏𝑐 = Γ𝑎

[𝑏𝑐] - torsion{︀
𝑚𝑛
𝑙
}︀
= 1

2𝑔
𝑘𝑙 (𝜕𝑚𝑔𝑘𝑛 + 𝜕𝑛𝑔𝑘𝑚 − 𝜕𝑘𝑔𝑚𝑛) - Levi-Civita connection

𝐷𝑙
𝑚𝑛 = Γ𝑙

𝑚𝑛 −
{︀
𝑚𝑛
𝑙
}︀
̸= 0 - connection defect

ℐ 𝑏𝑐 𝑚𝑛
𝑎 𝑙 = 𝑎1𝑔𝑎𝑙𝑔

𝑐𝑛𝑔𝑏𝑚 + 𝑎2𝛿
𝑐
𝑎𝑔

𝑏𝑚𝛿𝑛𝑙 + 𝑎3𝛿
𝑛
𝑎 𝛿

𝑐
𝑙 𝑔

𝑏𝑚

𝒥 𝑎𝑏𝑐 𝑚𝑛
𝑙 = 𝑐1𝑔

𝑎𝑚𝑔𝑏𝑐𝛿𝑛𝑙 + 𝑐2𝑔
𝑎𝑐𝑔𝑏𝑚𝛿𝑛𝑙 + 𝑐3𝑔

𝑎𝑚𝛿𝑏𝑙 𝑔
𝑐𝑛

𝒦𝑎𝑏𝑐𝑙𝑚𝑛 = 𝑏1𝑔
𝑎𝑙𝑔𝑐𝑛𝑔𝑏𝑚 + 𝑏2𝑔

𝑎𝑚𝑔𝑏𝑙𝑔𝑐𝑛 + 𝑏3𝑔
𝑎𝑙𝑔𝑚𝑛𝑔𝑏𝑐+

+ 𝑏4𝑔
𝑎𝑐𝑔𝑏𝑚𝑔𝑙𝑛 + 𝑏5𝑔

𝑎𝑚𝑔𝑏𝑐𝑔𝑙𝑛
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Generalized Projective Invariance (1)

Γ𝑙
𝑚𝑛 → Γ𝑙

𝑚𝑛 +𝑁 𝑙
𝑚𝑛

𝑁 𝑙
𝑚𝑛 = 𝛿𝑙𝑚𝐶𝑛 + 𝛿𝑙𝑛𝐵𝑚 + 𝐹 𝑙𝑔𝑚𝑛 + 𝑔𝑙𝑠𝐸𝑠𝑚𝑛 + 𝑔𝑙𝑠𝑈𝑠𝑚𝑛

𝑆[Γ, 𝑔] → 𝑆[Γ, 𝑔] + ∆𝑆[Γ, 𝑔, 𝐶,𝐵, 𝐹,𝐸,𝑈 ]

∆𝑆 = 0 ⇒

Using 𝑏3 and 𝑐1 as free parameters:

𝑎1 = 2 + 3
2𝑐1, 𝑎2 = 1− 3

2𝑐1, 𝑎3 = 1 + 3
2𝑐1,

𝑏1 =
1
4 − 6𝑏3 − 1

2𝑐1, 𝑏2 = −3
2 − 12𝑏3 − 5

2𝑐1, 𝑏4 = 4𝑏3 +
1
2𝑐1,

𝑏5 =
1
2 + 4𝑏3 + 𝑐1, 𝑐2 = −𝑐1, 𝑐3 = −4− 3𝑐1
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Generalized Projective Invariance (2)

𝑎1 𝑏1 𝑏2
𝑎2 −3/2 0 0
𝑎3 −1/2 0 0
𝑏3 0 −4 0
𝑏4 0 0 −1
𝑏5 0 −1/2 −2
𝑐1 −4 −3/8 0
𝑐2 −1 0 −3/8
𝑐3 −1 −1/8 1/8

Table: N = C

𝑎1 𝑎2 𝑏1 𝑏2 𝑏5 𝑐2 𝑐3
1 1 2 1/4−3/2 1/2 0 −4
𝑎3 1 −1 0 0 0 0 0
𝑏3 0 0 −2 8 −4 0 0
𝑏4 0 0 −1 −5 2 0 0
𝑐1 0 0 0 0 0 −1−3

Table: N = C + B + F + E
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Spin-Parity Decomposition of Fields (1)

Percacci R., Sezgin E. New class of ghost- and tachyon-free metric-
affine gravities // Phys. Rev. D. 2020. vol. 101.

There are 116 projectors of this kind!

[𝑃 (2−)11]
𝑎𝑏𝑐𝑑𝑒𝑓

=
1

3

1

−2 + 𝑑

(︀
𝑇

𝑎𝑑
𝑇

𝑒𝑓
𝑇

𝑏𝑐
+ 𝑇

𝑎𝑐
𝑇

𝑏𝑑
𝑇

𝑒𝑓
+ 𝑇

𝑎𝑏
𝑇

𝑑𝑓
𝑇

𝑐𝑒
+ 𝑇

𝑎𝑏
𝑇

𝑐𝑓
𝑇

𝑑𝑒)︀−
−

1

6

1

−2 + 𝑑

(︀
𝑇

𝑎𝑐
𝑇

𝑏𝑒
𝑇

𝑑𝑓
+ 𝑇

𝑎𝑓
𝑇

𝑏𝑐
𝑇

𝑑𝑒
+ 𝑇

𝑎𝑒
𝑇

𝑏𝑐
𝑇

𝑑𝑓
+ 𝑇

𝑎𝑐
𝑇

𝑑𝑒
𝑇

𝑏𝑓 )︀
−

−
2

3

1

−2 + 𝑑
𝑇

𝑎𝑏
𝑇

𝑐𝑑
𝑇

𝑒𝑓
+

+
1

3
𝑇

𝑎𝑓
𝑇

𝑐𝑑
𝑇

𝑏𝑒
+

1

3
𝑇

𝑎𝑒
𝑇

𝑐𝑑
𝑇

𝑏𝑓−

−
1

6
𝑇

𝑎𝑑
𝑇

𝑐𝑒
𝑇

𝑏𝑓 −
1

6
𝑇

𝑎𝑓
𝑇

𝑏𝑑
𝑇

𝑐𝑒 −
1

6
𝑇

𝑎𝑒
𝑇

𝑏𝑑
𝑇

𝑐𝑓 −
1

6
𝑇

𝑎𝑑
𝑇

𝑐𝑓
𝑇

𝑏𝑒

𝑇 𝑏
𝑎 = 𝛿𝑏𝑎 − 𝑘𝑎𝑘

𝑏
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Spin-Parity Decomposition of Fields (2)

Found new ghost- and tachyon-free theories with restrictions:
1 The spin-3 field does not propagate.
2 In the spin-2+ sector, only the massless graviton propagates.

Percacci R., Sezgin E. New class of ghost- and tachyon-free metric-
affine gravities // Phys. Rev. D. 2020. vol. 101.
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Gauge Fixing and Existence of the Propagator

Gauge fixing: 𝛾𝑎𝑏𝑐 → 𝛾[𝑎𝑏𝑐]

(𝒳−1)[𝑙𝑚𝑛][𝑥𝑦𝑧] =
1

12(1− 𝑎1 + 𝑎3)
×

×
(︀
𝑔𝑙𝑥𝑔𝑛𝑧𝑔𝑚𝑦 + 𝑔𝑙𝑧𝑔𝑥𝑚𝑔𝑛𝑦 + 𝑔𝑙𝑦𝑔𝑛𝑥𝑔𝑚𝑧−
− 𝑔𝑙𝑧𝑔𝑥𝑛𝑔𝑚𝑦 − 𝑔𝑙𝑦𝑔𝑥𝑚𝑔𝑛𝑧 − 𝑔𝑙𝑥𝑔𝑛𝑦𝑔𝑚𝑧

)︀
𝑁 = 𝐸

𝑁 = 𝐶 +𝐵 + 𝐹 + 𝑈

𝑁 = 𝐶 +𝐵 + 𝐹 + 𝑈 + 𝐸

⎤⎥⎦ ⇒ 1− 𝑎1 + 𝑎3 = 0

Studied gauge choices: 𝛾𝑎𝑏𝑐 → 𝛾𝑎[𝑏𝑐], 𝛾𝑎𝑏𝑐 → 𝛾[𝑎𝑏]𝑐,

𝛾𝑎𝑏𝑐 → 𝛾𝑎(𝑏𝑐)
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Main Results

1 There are several fundamental ideas underlying MAG.
2 Since experiments on quantum gravity are not feasible, we

must rely on theoretical considerations to reduce the number
of independent parameters of the theory.

3 These approaches require extensive symbolic computations,
which have only recently become accessible to small research
groups.

4 For this reason, a comprehensive study of the renormalizability
of quantum MAG may be within reach in the near future.
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Thank you for your attention!
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Appendix: Design of the Symbolic Computation Toolkit

Redberry

Geometry
- Connection
- Curvature
- Projectors

Lagrangian
- LR - LQQ
- LQW - LWW

Connection
Transformation
- Transformation

- DeltaL

Contractions
- Contract - Trace
Combines symmetries

of all packages

Calculations
Central execution

Utils
Additional
utilities

Perturbation
Theory

- PertTensor


