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Conical spaces

Cosmic string: metric (cylindric coords):
ds? = dt? — dz? — do® — % 0%dy?, 0<p<1
Geometry: R =2(1—)0+(0)/o0, dp =2m(1l—f)

5 1-—p2
Phase transition energy scale: 11 ~ 7> = :
8rG
For n =ngur ~101°GeV 1 -3~ 1075 a~—~10 29m
5 VY
Complement: ' =1— 3 = 2l 3 = 4G
™

Klein-Gordon: ([J+ m? + R) ¢ =0,

(af — A+ m?+ )\6273(w)> o(t, @) =0.
Time factorization: ¢\, (t, ) = e ¥ty () |
Schradinger: Hu,, () = (w? — m?)u,(x) .
Formal Hamiltonian: H = —A + \d(x)
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Coupling problem & self-adjoint extension

A # 0: Hu,, does not belong Hilbert space
A = 0: no interaction!

Renormalization of \ or SAE?

Resolution of laplacian: H = T (H 1 )
P zejo '® ~ /

angular
where partial Hamiltonians
> 2d I(l+1)
H=——-—-—— — 1=0,1,2, ...
: dr?  rdr - r2
H; are self-adjoint itself for any [ > 1,
Self-adjoint extensions of Hy (s-wave): —oo < av < 00

> 2d
Hoo=—Doo= -5 — ——
0, 0, dr? rdr
— 2 2 . H — 1 /
D(HO,a) - {ua €L ((07 OO),T dT) ) dro rl—)nTi-lO Tl (’f’) - Tl_lf_r‘_lo[ua + Tua]}

Eigenvalues/Eigenfunctions to Hy ,:
p>0, w e V2 [ (pr) + k(@)Y o (pr)
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Hadamard function

p? < 0: d(a,t) ~ etlPlty(x)
« < 0: bound state: ug ,(r) = /—2a e 47l /p
{upim } — complete set of eigenfunctions of the free Laplacian.

Hadamard function:

oo

Y 00 l
Dfxl) =Re / dw Giiw(ti[/) |:“p(y p(y +Z Z u pIrn ;['nl,('rl):| .

m =1 m=—1
= 00 = ho mteractlon

DY) (z,2') = R\/ wewt=t) Z Z Ui () Ui () -

m =0 m=—1

Renormalized Hada‘mard function: Dﬁér)l = Dg}) — D((;Q .
DGA(z,2") = Re [ dwe = (t=t) {um () up (') = oo () u;‘m(w/)} :

m

Only s-wave contrlbutes'

DWW (z, ")

ren

472” V22 + (m/4ra)?(1 + 22)

7 cos | /l’r(w) +m2(t —t')]
raz(r +r )} + 2 cos[dmazlr.+ )]

X | sin [4

Vacuum polarization effects of pointlike impurity: massive field



(0% (2))ren

Vacuum field-square: (¢*(x)),., = D'V (z,2) = 12,2 j(Smu', m )
2r

T
Two-arguments function:

oo

' 1 z
Bya)= [ dz —— ————
0= |t
0

Lengthy parameters:

(sin [z + zcos 0’4>

» the Compton length I, = m™!

> the scattering length d, = (4ma)~?
. 1 2r dy
(2( o _ - s
<Q (‘l’)>rcn 477'27’2 j<ds ) l(: >
i) for fixed m and ds, (¢?);en monotonically decreases with growth of
T, to <¢2(T — OO)>ren - O;

ii) for fixed r and ds, {(¢?);en monotonically decreases as m grows;

iii) for fixed r and m, (¢2),c, Monotonically decreases as o grows (d
falls), since from physical reasons the limit &t — +oco implies the
absence of polarization effect.
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Basic integral

o0

1 z

J(B,a) = /dz _—

BO= ] B0 Vara
0

Intrgduce cosine- and sine-ints:

Je = / dz % b ’ T / sin (2 z _ 70\70,(({37(1)
1422 /22 4+ a2 1+22 /22 5a2 a8

0
j = KU(JA’?(I) + js - L7(:

Particular case: a = 1:

(sin Bz + zcos 32) :

o, S Im
j(d, 1) = (] + J)K()({j) — 3[(1(;3)) a>l //,,“ ‘,‘\\\
1: /// | \ \\
a > 1: /z 4‘\ } N
00 / } | } \\\
J = Ko(Ba) — / dte" Ko(at) ; L\uaj) \
’f // N \\\
a < 1: works as well ’ L

More economy form: 7 (f,a) = ae’ /dz‘g " Ki(at).
B

£
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Asymptotics of basic integral

Base of separation: af vs. 1

Typical Characteristic limiting values of 8
v?naTts
ofa o B<al<l B<1 B~ B>1  B>al»l
L 8
a=0 — lngf'y e” Eq1(B) 1/8 —
1 B+1 2
o<1 — (lng—v)(l-&-ﬁ)-&-ﬁ BB~ I aKi(af)  aKo(ah)
a
1 . 2 Archa™? S/ﬁc]f —t (at) Ta e ab
a < — n——°v9y— —f——— ae dte 1(at — —
ap V1 —a? B 28 a+1
1 n 2 1 1+ BKo(B) = BK1(B) [P
a= — n— —~vy— 0 — 1 —e —
B 88
arccos a™ ! 8 7a e~ P
a>1 — In— —y— —— ae/ dte” "Kj(at) — —
af a2 —1 B 28 a+1
i T —aB g —apB
>1 In——y— — K | o= = =
“ " 2a o(aB) 2ap ¢ 2a N
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Renormalized field-square in doubly logarithmic scale:

\'\7157 tan=-3
\
\v
25
Figure: for massless field ( ), for l./ds = 10 (black dotted),

lc/ds =1 (red solid) and I./ds = 0.1 (blue dashdotted). The value r = [. is
marked by dash of corresponding color. The value r = ds corresponds to the

ordinate-axis for each curve.
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Dependence upon dy:

20£(0.01)
0 2 1‘1 é 8 10 12 14 1

20£(0.1)

Figure: (¢2), normalized by ($?)max as a function of ds (in units I, = 1): for
r/le = 0.01 ( ), for r/l. = 0.1 (red dashed), r/l =1 (blue
solid) and r/l. = 10 (black dotted). The values d*="*) are marked by
vertical dash lines of corresponding color.
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Renormalized energy-momentum tensor

(T2 = gtz [ (- 32) + o () + s ()

S c

(no summation over v)

Index v Index o
of the diagonal
component 1 0 1
1 2r r2 r2 r2 2r
t 26— =) (= — — — 4 — —46— - -
( ¢ 2)(d5 ) 12 gdg glg +£(ds )
ae— Ll 0 26— 1
" 2 S ds £33
6 Lderee- 0T r-19, -1l Soags (2o 1)
s 2 ds d? 12 4 2/ dg
s -6 L )+ r 2(1 — 6£) -~ ¢ 6&)(3 Z )
P ds = d? 2 12 2 ds

Table: Coefficients A, , for the EMT and for its trace
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Renormalized energy-momentum tensor:

tan=-4 | | 1n(<7(~)0> ,ds4)

tan=-5

Figure: (Too) in doubly logarithmic scale (minimal coupling): for massless field
( ), for l./ds = 10 (black dotted), I./ds = 1 (red solid) and
le/ds = 0.1 (blue dashdotted)
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Conclusions

Renormalization: ¢ — 0% :

1 1 1
= -+ 5 A1r n-— — ’—1
Aren A dme’ ¢ @

Resolving bare coupling:

Aren [ 0, Aren = 0(no interaction);
1 0, Awen # O (infinitesimal).

@ Single-parametric SAE vyields the natural answer in terms of finite
quantity « (or dy)

@ Vacuum polarization of massive scalar field is computed and has
reasonable asymptotic cases

@ Presumably, it provides the rule how to work with
(3+1)-dimensional pointlike attraction and with (2+1)-dimensional
zero-range interaction

@ The bare coupling may be directly renormalized what is equivalent
here to SAE-concept
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