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Motivation & Goals

Development of  z-scaling approach for description 

of cumulative hadron production in inclusive p+A and A+A collisions 

and verification of self-similarity principle. 

The approach can be used to search for and study      
➢   Symmetry of constituent interactions at small scales

➢   Origin of flavor, spin,… 

➢   Similarity and difference of u,d,s,c,b,t quark fragmentation

➢   Strangeness as a probe to search for new physics

➢   Phase transitions in p+p, p+A and A+A systems 

➢    …………..

z-Scaling as a tool in high energy physics

Search for new symmetries in Nature 

Systematic analysis of  inclusive cross sections of particle production  

in p+p, p+A and A+A collisions to search for general features of constituent 

structure, interaction and fragmentation over a wide scale range.

Brief report on results of data analysis obtained in pp and AA collisions

  at U70, ISR, RHIC, Tevatron, LHC 

Development of  z-scaling approach

 for description  of hadron production in pp & AA collisions  

and verification of self-similarity principle 

z-Scaling  as a tool in high energy physics
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Fundamental principles & symmetries 

Self-similarity is a property of physical phenomena 
and principle to construct theories 

Flavor, spin, mass are fundamental properties of quarks. 

Their origin has relevance to structure of the momentum 

space at small scales.  

Top physics is a pillar of the current research program in HEP 

and provide stringent tests of SM.

4

➢ Self-similarity is the symmetry of repeatability of structures and 
processes with change in a scale.

➢ The self-similarity principle states that structures and processes repeats 
with change of a scale.

➢ Self-similarity is the unifying concept for theories of fractals and chaos. 

➢ Phenomenon that is self-similar looks the same or behaves the same 
when viewed at different magnifications.

"Fundamental symmetry principles dictate the basic laws of physics, 

  control the structure of matter and  define the fundamental forces 

   in nature." 

                                                                                Leon M. Lederman

“…for every conservation law there must exist a continuous  symmetry....” 

  Emmy Nöether Romanesco broccoli

1988



В 1958 Мелвин Шварц становится ассистентом 

профессора, в 1963 — профессором. Совместно с 

выдающимися учёными Леоном Ледерманом и Джеком 

Стейнбергером разработал и осуществил на протонном 

синхротроне AGS в Брукхейвенской национальной 

лаборатории уникальный физический эксперимент, в ходе 

которого мюонные нейтрино впервые были получены не в 

космических лучах, а в лаборатории, что позволило 

исследовать их, и сделать однозначный вывод о 

существовании нового типа нейтрино, отличного 

от электронного нейтрино.

Мелвину Шварцу принадлежит открытие сигма-ноль-

гиперона и пиония, а также экспериментальное 

доказательство несохранения четности в 

распаде гиперонов.

Leon Max Lederman (July 15, 1922 – October 3, 2018) 

was an American experimental physicist who received 

the Nobel Prize in Physics in 1988, along with Melvin 

Schwartz and Jack Steinberger, for research on neutrinos. 

He also received the Wolf Prize in Physics in 1982, along 

with Martin Lewis Perl, for research 

on quarks and leptons. Lederman was director emeritus 

of Fermi National Accelerator Laboratory (Fermilab) 

in Batavia, Illinois. He founded the Illinois Mathematics 

and Science Academy, in Aurora, Illinois in 1986, where he 

was resident scholar emeritus from 2012 until his death in 

2018.[3][4]

M. Schwartz

J. Steinberger
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➢ The principles are reflected as regularities in measurable observables and

 can be usually expressed as scalings in a suitable representation of data.

➢  z-Scaling of differential cross sections of inclusive particle production 

       in p+p, p+A and A+A is used as a tool to search for and study of principles

       and symmetries that reflect properties of interactions at constituent level. 

➢ z-Scaling is based on the principles of  locality, self-similarity,  fractality. 

There exists a symmetry inherent to them:

Symmetry with respect to structural degrees of freedom - structural relativity. 

Discrete (C,P,T,..) and continuous  symmetries  correspond to  fundamental

  principles (gauge, special, general and scale relativity, …)  and conservation

  laws (charge,…. ) and vice versa.

Self-similarity in inclusive reactions & z-scaling

Locality: collisions of hadrons and nuclei are expressed 

                  via binary interactions of their constituents

                     (partons, quarks and gluons,...).

Self-similarity: interactions of the constituents 

                         are mutually similar. 

Fractality: self-similarity is valid over a wide scale range.

Principles: locality, self-similarity, fractality

I.Zborovský, MT 

I.Zborovský, MT 

MT & I.Zborovsky

T.Dedovich

Phys.Rev.D75(2007)094008

Int.J.Mod.Phys.A24(2009)1417

J. Phys.G: Nucl.Part.Phys.

37(2010)085008    

Int.J.Mod.Phys.A27(2012)1250115

J.Mod.Phys.3(2012)815

Int.J.Mod.Phys. A 32(2017)1750029

Int. J. Mod. Phys. A  32 (2017) 1750029
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Self-similarity in inclusive reactions & z-scaling

The self-similarity parameter z is a dimensionless quantity, expressed through 

the dimensional values P1, P2, p, M1, M2, m1, m2, characterizing the process 

of inclusive  particle  production.

Scaled cross section Ψ(z) of inclusive particle production  

 depends in a self-similar way on a single scaling variable z. 
Ed3σ/dp3

x1,x2,ya,yb

Ψ(z)

s1/2, pT, θcms
δ1,δ2,εa,εb ,c

Hypothesis of z-scaling :  

Inclusive particle distributions can be described 

in terms of constituent sub-processes and parameters 

characterizing general properties of the system.

The assumption of self-similarity of hadron interactions at  a constituent level 

transforms to the requirement of universal  description of inclusive spectra 

by a scaling function Ψ(z) that depends on a self-similarity parameter z.

6

Procedure to construct function Ψ(z) 

based on maximum fractal entropy was suggested. 

Int. J. Mod. Phys. A  32 (2017) 1750029.

Physics 5(2) (2023) 537.
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➢ The idea is to vary the collision energy and look for the signatures of QCD 

phase boundary and QCD critical point i.e. to span the phase diagram from the 

top RHIC energy (lower μB ) to the lowest possible energy (higher μB). 

➢ To look for the phase boundary, we would study the established signatures of 

QGP at 200 GeV as  a function of beam energy.  Turn-off of these signatures at 

particular energy would suggest the crossing of phase  boundary.  

➢ Near a critical point, there would be enhanced fluctuations in multiplicity 

distributions of conserved quantities (net-charge, net-baryon).

                                                                                      STAR collaboration

“Scaling” and “Universality” are concepts developed to understanding critical 

phenomena. Scaling means that systems near the critical points exhibiting self-

similar properties are invariant under transformation of a scale. According to 

universality, quite different systems behave in a remarkably similar fashion near 

the respective critical points. Critical exponents are defined only by symmetry of 

interactions and dimension of the space.

                                                               Harry E. Stanley, Grigory I. Barenblatt,…

Scaling, Universality vs. basic principles & symmetries 

Beam Energy Scan program at RHIC

 to search for  and study 

phase transition and critical phenomena in nuclear matter
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Phase diagram of H2O and Nuclear Matter

The phase diagram of water 
 is established

➢   Phases (ice I-XV, liquid, vapor)
➢   Phase boundaries
➢   Phase transitions
➢   Triple Point (16)
➢   Critical Point (1)

The phase diagram of strongly interacting
  nuclear matter is under study

Ice III

Ice XIII

Ice X

➢    Phases  - ? 
➢    Phase boundaries -?
➢    Phase transitions - ?
➢    Triple Point - ? 
➢    Critical Point - ?

NICA
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➢  Particle multiplicity   Nch

➢  Multiplicity density   dNch/dη
➢  Mean transverse momentum  <pT>
➢  Energy density  εBj = 1/(R2) dET /dy

➢ Multiplicity density  dNch/dη  in pp & pp collisions is much larger 

      than dNch/dη/(0.5Np) in central AA collisions at AGS, SppS and RHIC. 

➢  Is medium produced in pp at high dNch/dη similar one than  in AA ? 

➢  Are there common properties of hadron production  in pp & AA  ? 

¯

¯

Characteristics of produced medium in pp/pp & AA ¯

B. B. Back et al.

Phys. Rev. Lett. 91, 052303 

 Published 1 August 2003

PRL 91 (2003) 052303 

RHIC & PHOBOS

Phys.At.Nucl.70 (2007)1294

Is medium produced in pp collisions at high dNch/dη similar one created in AA ? 

 Are there general properties of particle production  mechanism in pp & AA ?

9
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Self-similarity of negative hadron production

 in p+p collisions 
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V.V. Abramov et al., omenta from 0.5-GeV/c up to 2.2-GeV/c in proton proton collisions 

at 70-GeV, Sov. J. Nucl. Phys. 31 (1980) 484.

[45] V.V. Abramov et al., Production of charged hadrons with large transverse momenta in 

pp collisions at 70 GeV, JETP Lett. 33 (1981) 289.

[46] D. Antreasyan et al., Production of hadrons at large transverse momentum in 200-, 

300-, and 400-GeV p -p and p-nucleus collisions, PhysRev. D 19 (1979) 764.

.

[47] D.E. Jae et al., High-transverse-momentum single-hadron production in pp and pd collisions at

p

s =27.4 and 38.8 GeV, Phys. Rev. D 40

(1989) 2777.

[48] A. Breakstone et al., Inclusive charged particle cross-sections in full phase space from proton proton interactions at 

ISR energies, Z. Phys. C

69 (1995) 55-66.

[49] D. Drijard et al., A measurement of the inclusive cross-section of charged pions at very high transverse momenta, 
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1-11.

[50] G. Agakishiev et al. (STAR Collab.), Identified hadron compositions in p+p and Au+Au collisions at high 

transverse momenta at psNN=200 GeV, Phys. Rev. Lett. 108 (2012) 072302.

p+p is of interest by itself: 
- verification and search for new features   

- search for a phase transition with different probes 

 p+p interaction is a reference for p+A and A+A physics   
A discontinuity and strong correlation of the model parameters 

   could give indication on new physics in pp collisions: 

Search for phase transition, critical point  …. with strange probes.
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➢ F - fragmentation fractal dimension 
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Scaling function
➢   Energy independence of  (z) 

➢    Centrality independence of  (z)   

➢    Power law at  high z  

➢    Saturation at low z  

“Collapse” of data point 
 onto a single curve

Self-similarity of  h
–
 production in p+p

➢  Universality:  the same shape of  Ψ(z)  vs. √s,  pT 

➢  Asymptotic behavior of  (z) at high z  – power law.

11

Strong sensitivity of data 
 point to √s  at high pT
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Constituent sub-process  of  h
–
 production in p+p

Momentum fraction x1
Recoil mass   MX Energy loss   ΔE/E=(1-ya)

ΔE/E 
➢  decreases with pT 
➢  increases with √s  

MX

➢  increases  with pT 
➢  increases with √s  

x1 
➢  increases  with pT 
➢  decreases with √s  

Constituent level of particle production in terms of 

➢ p+p is a reference for p+A and A+A

➢ high x1 and pT – physics nearby kinematic boundary

12

MX= x1M1+x2M2+m2/yb
(x1P1+x2P2 –p/ya)

2 = MX
2 
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5 %
energy loss

 q ≈ 4.2 GeV/c

17 %
 energy loss

 q ≈ 4.8 GeV/c

38 %
 energy loss

 q ≈ 6.5 GeV/c

68 %
 energy loss

 q ≈ 12.5 GeV/c

p –  momentum  of produced  
            hadron 
    q  –  momentum  of scattered 
             constituent

25 %
energy loss

 q ≈ 5.3 GeV/c

32 %
 energy loss

 q ≈ 5.9 GeV/c

Energy loss   ΔΕ/Ε=(1-ya)  

ΔΕ/Ε 
➢   decreases with pT 
➢   increases with √s  

Energy loss in p+p

Sub-process  of  h
–
 production in pp

(x1P1+x2P2 –q)2 = MX
2 

q=p/ya

pT= 4 GeV/c

13
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➢   Self-similarity of particle structure, constituent 

       interactions  and fragmentation process of hadron 

       production in  p+p collisions was found.  

➢    Properties of the scaling function were described.

➢    Model parameters – structural and fragmentation 

       dimensions and specific heat, were determined 

       from data analysis.    

Conclusions I

14



M.Tokarev                         Lomonosov’22, MSU, Russia, 2025       

Properties of  Ψ(z) in pp collisions

➢  Energy independence of Ψ(z) (s1/2 > 20 GeV)

➢  Angular independence of Ψ(z) (cms=30-900)

➢  Multiplicity independence of Ψ(z) (dNch/d=1.5-26)

➢  Saturation of Ψ(z) at low z (z < 0.1)

➢  Power law, Ψ (z) ~z-β, at high z (z > 4)

➢  Flavor independence of Ψ(z) (π,K,φ,Λ,..,D,J/ψ,B,,…, top)

These properties reflect self-similarity, locality, and fractality 

of  hadron interactions at a constituent level. 

It concerns the structure of the colliding objects, 

constituent interactions  and fragmentation process.  

_
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Universality: flavor independence of the scaling function   

M.T.& I.Zborovský

Int. J. Mod. Phys.

A24,1417(2009) 

A32,1750029 (2017)

Phys. Part. Nucl. 

51, 141 (2020) 

STAR:

PRL 92 (2004) 092301

PRL 97 (2006) 132301

PLB 612 (2005) 181

PRC 71 (2005) 064902

PRC 75 (2007) 064901

PRL 108 (2012) 072302

PHENIX:

PRC 75 (2007) 051902

PRD 83 (2011) 052004

PRC 90 (2014) 054905

➢   Energy independence 

➢   Angular independence 

➢   Flavor independence 

➢   Saturation for z < 0.1 

➢  Power law Ψ(z)z - at large z

➢   F, F  independent of pT,  s1/2

Self-similarity of strangeness production in p+p

1α0.2,ε ππ ==

Solid line for  π−  meson  
 is a reference frame 

KS , K
-
, K*, , Λ, , Ω, Σ*, Λ*

0

“Collapse” of data points onto a single curve
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Self-similarity of
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p+A is of interest by itself: 
- verification of scaling and search for new phenomena   

- search for a phase transition with different probes 

 p+A interaction is a reference for A+A physics   

A discontinuity and strong correlation of the model parameters 

   could give indication on new physics in pp collisions: 

Search for phase transition, critical point  …. with strange probes.
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The cumulative particle is a particle produced 
in the region forbidden for free nucleon kinematics: 

2 2

1 2( ) XP P p M+ − =
p

max

A

max pp 

XpPP
21

+→+

Cumulative particle, process, region,… 

p+A

pL =400 GeV/c

π

p+A

pL =50 GeV/c

π

A.M.Baldin  & V.S.Stavinsky (1971,1973)

Conservation laws:
•  4-momentum
•  electric charge 
•  baryon number
•  flavor

V.S. StavinskyJINR Rapid Communications 

N18-86, p.5 (1986)

θlab

A.M.Baldin  & V.S.Stavinsky

     ЭЧАЯ 1977                   1979

ЯФ 18(1973) 27

A.M.Baldin V.S.Stavinsky

А.М.Балдин. 1971. Краткие сообщения по 

физике ФИАН, №1, 35, 1971 Физика 

релятивистских ядер, "ЭЧАЯ", т. 8, с. 429 

1977;  Ставинский В. С., Предельная 

фрагментация ядер - кумулятивный эффект 

(эксперимент), "ЭЧАЯ", т. 10, с. 949, 1979 

Conservation laws:
•  4-momentum
•  electric charge 
•  baryon number
•  u, d, s, c, b

G.A.Leksin 

    (1980)
V.V.Ammosov 

         (2013)
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Cumulative pion spectra in p+A at FNAL

➢  Spectra in cumulative region:  p > 0.5 GeV/c.
➢  Smooth behavior of  spectra vs.  p.
➢  Strong  angular dependence with  p. 
➢   A-dependence of spectra (A=7-181 ).  

N.A. Nikiforov et al., Phys. Rev. C22 (1980)700.

G. Leksin

pL = 400 GeV/c,      A=Li,Be,C,Al,Cu,Ta    θlab=70,90,118,160 deg.

19



M.Tokarev                         Lomonosov’22, MSU, Russia, 2025       

High-pT and low-pT pion production in p+A 

D.Toivonen, M.T. (2003)

A. Aparin, M.T. (2014)

N.A. Nikiforov et al., Phys. Rev. C22  (1980) 700.

                                   &

J.W. Cronin et.al., Phys. Rev. D11 (1975) 3105.

D. Antreasyan et al.,  Phys. Rev. D19  (1979) 764.

V.V. Abramov et al.,  Sov. J. Nucl. Phys. 41 (1985) 357.

 D.E. Jaffe et al.,  Phys. Rev. D40 (1989) 2777.

C, Al & D

p D C Al

0.447 0.905 5.13 10.6

0.456 0.928 5.53 12.2(GeV/c)

p   π

max

0π

lab
180θ =

70

 400

(GeV/c)

p    
L

➢   Collapse of data points

➢   Universal shape of  Ψ(z)

➢   Self-similarity over a wide

      kinematic range  
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Low-pT cumulative pion spectra in p+A at U70

➢ Spectra in cumulative region: p > 0.5 GeV/c.
➢  Smooth behavior of  spectra vs. p .
➢  A-dependence of spectra (A= 9-184).  

L. Zolin

pL =17, 58 GeV/c,    A= Be,C,Al,Ti,Mo,W,   θlab=159 deg.

O.P. Gavrishchuk et al., Nucl. Phys. A523 (1991) 589.

p C Ti W

0.43 4.1 9.56 14.1

0.46 5.2 16.3 34.5

18
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Low-pT cumulative pion spectra in p+A at U70

z-presentation of spectra

U70 (L. Zolin)

➢  “Universal shape “ of  Ψ(z)

➢   Power law for z > 4

➢   No discontinuity of  δA

Self-similar properties 

of nuclear matter

A=9-184

A.Aparin, MT, Phys. Part. Nucl. Lett., 11 (2014) 391 Публикации:
1. I. Zborovsky, M. Tokarev, Phys. Rev. D75 (2007) 094008; 
     M. Tokarev et. al.,  Int . J. Mod. Phys. A16 (2001) 1281.
2. A. Aparin, M. Tokarev, Nucl. Phys. B 245 (2013) 149-152.
3.  A. Aparin, M. Tokarev, Phys. Part. Nucl. Lett., 11 (2014) 91-100. Leksin
4.  A. Aparin, M. Tokarev, Phys. Part. Nucl. Lett., 11 (2014) 381-390. Gapienko
5. A. Aparin, M. Tokarev, Phys. Part. Nucl. Lett., 11 (2014) 391-403. Zolin

Be,C, Al,Ti,Mo,W & D

p D C Al

0.447 0.905 5.13 10.6

0.456 0.928 5.53 12.2

0.459 0.933 5.63 12.7

(GeV/c)

p   π

max

0π

lab
180θ =

70

 400

   

(GeV/c)

p    
L

➢  Collapse of data points

➢  Universal shape of  Ψ(z)

➢  Self-similarity over a wide

      kinematic range  

Nucleus cumulation

 under compression

22

27.4      400 ГэВ/с

Cumulation
 under nucleus compression
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➢ Spectra in cumulative region: pT > 2.5 GeV/c.
➢  Smooth behavior of  spectra vs. pT.
➢  A-dependence of spectra (A=12-184 ).  

N.N.Antonov et al. (IHEP, Protvino) "Physics of Fundamental Interactions", 

Russian Academy of Science, ITEP,Moscow, Russia, 21-25 November, 2011.

V.V.Ammosov et al., Yad.Fiz. 76 (2013) 1276.

Phys. At. Nucl. 76  (2013) 1213.

High-pT cumulative hadron spectra in p+A at U70

V. Gapienko

pL =50 GeV/c,     A=C,Al,Cu,W,      θlab=35 deg.

Письма в ЖЭТФ, том 101, вып. 10, (2015)  746 – 749

Рождение кумулятивных частиц и легких ядерных фрагментов 

при больших pT вне области фрагментации ядер в pA-

взаимодействиях при энергии протонов 50 ГэВ 

Аммосов Владимир Васильевич

Н. Н. Антонов и др

ЯФ 76(10), 1275 (2013)

ЯФ 76 (2013)1276
Измерение выходов положительно заряженных частиц под углом 35∘во взаимодействиях 
протонов с ядерными мишенями при энергии 50 ГэВ

•December 2012
•Ядерная физика 76(10):1275-128

Измерение выходов положительно заряженных частиц под углом 35< img 

src="/get_item_image. asp? id= 20280231&img= FO_1_1. gif" align= absmiddle border= 0> во 

взаимодействиях …ВВ Аммосов, НН Антонов, АА Балдин, ВА Викторов, ВА Гапиенко, ...

Ядерная физика 76 (10), 1275-1275

Представлены первые данные по рождению кумулятивных частиц в области больших 

поперечных импульсов (вплоть до 3.5 ГэВ/с) в протон-ядерных столкновениях. 

Получено указание на локальность процесса рождения частиц в кумулятивной области. 

Наблюдаемая сильная зависимость сечения рождения частиц от атомной массы 

мишени не соответствует полученной в предкумулятивной и кумулятивной областях A-

зависимости при малых поперечных импульсах. Эксперимент проводился в ИФВЭ на 

ускорителе У70 (г. Протвино), используя выведенный пучок протонов с импульсом 50 

ГэВ/с. 013

Журнал
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Bagdat Suimenbayev

РОЖДЕНИЕ КУМУЛЯТИВНЫХ ЧАСТИЦ С БОЛЬШИМИ ПОПЕРЕЧНЫМИ 

ИМПУЛЬСАМИ В ПРОТОН-ЯДЕРНЫХ ВЗАИМОДЕЙСТВИЯХ ПРИ ЭНЕРГИИ 50 ГэВ

Авторы

ВВ Аммосов, НН Антонов, ВА Викторов, ВА Гапиенко, ГС Гапиенко, ВН Гресь, ВА 
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➢  Universal shape of  Ψ(z)

➢  Power law for z > 4

➢  No discontinuty of  δA

Independence of the shape of the curve 
on {z,Ψ} plane on scale quantities √s, pT

High-pT cumulative hadron spectra in p+A at U70

z-presentation of spectra

FNAL (J.Cronin, D.Jaffe)   &  U70 (R.Sulyaev,V.Gapienko)

A.Aparin, MT 

 Phys. Part. Nucl. Lett., 11 (2014) 381.

Self-similar properties 
of nuclear matter

A=12-184

Публикации:
1. I. Zborovsky, M. Tokarev, Phys. Rev. D75 (2007) 094008; 
     M. Tokarev et. al.,  Int . J. Mod. Phys. A16 (2001) 1281.
2. A. Aparin, M. Tokarev, Nucl. Phys. B 245 (2013) 149-152.
3.  A. Aparin, M. Tokarev, Phys. Part. Nucl. Lett., 11 (2014) 91-100.
4.  A. Aparin, M. Tokarev, Phys. Part. Nucl. Lett., 11 (2014) 381-390.
5. A. Aparin, M. Tokarev, Phys. Part. Nucl. Lett., 11 (2014) 391-403.

C, Al,Cu, W & D
➢  Collapse of data points

➢  Universal shape of Ψ(z)

➢  Self-similarity over a wide

      kinematic range  

24

Independence of the shape of the curve 
on {z,Ψ} plane  on scale quantities √s, pT

Cumulation
 under nucleus compression
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➢  Universal shape of  Ψ(z)

➢  Power law for z > 4

➢  No discontinuty of  δA = A2δ

Scale invariance

Independence of the shape of the curve 

on {z,Ψ} plane  on scale quantities √s, pT ,θ

α(A)zz → → (A)α-1

FNAL (J.Cronin, G.Leksin, D.Jaffe)   &  U70 (R.Sulyaev)

Low-pT cumulative pion production in p+A at FNAL

N.A. Nikiforov et al., Phys. Rev. C22  (1980) 700. 

A.Aparin, MT, Phys. Part. Nucl., Lett. 11 (2014) 91

J. Cronin

D. Jaffe

G. Leksin

R. Sulyaev

25

Суляев Роман Матвеевич
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Self-similarity of hadron production in p+A

FNAL (J.Cronin, G.Leksin, D.Jaffe)  &  U70 (R.Sulyaev, V.Gapienko)

➢  Beam Energy Scan in p+A 

➢  Spectra of cumulative identified particles

➢  Multiplicity density dNch/dη  vs. √s and η

➢  Centrality dependence of spectra

➢ Verification  of z-scaling in cumulative range 

➢ Smooth transition from high-pT to cumulative range

low-pT & cumulative high-pT & non-cumulative high-pT & cumulative 

26



M.Tokarev                         Lomonosov’22, MSU, Russia, 2025       

➢   Self-similarity of particle structure, constituent interactions 

      and fragmentation process of hadron production in non-

      cumulative and cumulative  regions in  p+A  collisions were 

      verified.  

➢   Smooth behavior of  Ψ(z) in the overlapping range was found.

Conclusions II 

27
27
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Scaling features of hadron production 
 in Au+Au at RHIC

Self-similarity of hadron production 

Int. J. Mod. Phys. (2015) 1560103

Nucl. Phys. A993  (2020) 121646

Nucl. Phys. A1025 (2022) 122492

Probing microscopic structure of the hot- and high- 

density nuclear matter at multiple length scales

Central Au-Au 
  s1/2=200 GeV

RHIC & STAR

…, NICA, 

FAIR, …

RHIC beam energy scan with Au+Au:

√sNN = 7.7, 11.5, 14.5, 19.6, 27, 39, 62, 130, 200 GeV

28

Central Au-Au 
  s1/2=7.7 GeV

Central Au-Au 
  s1/2=200 GeV

RHIC & STARRHIC & STAR
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Self-similarity in Au+Au collisions

➢  Energy independence of  (z) 

➢   Centrality independence of  (z)   

➢   Dependence of AA on multiplicity

➢   Power law at low- and high-z regions 

“Collapse” of data points onto a single curve

Indication of a decrease   

 of    for  √sNN  < 19.6 GeV

STAR  
preliminary

36

A A1 2 AA AA
δ δ ε ε

1 2 a b(1 x ) (1 x ) (1 y ) (1 y ) = − − − −

AA

1/2

0

ch 0 N

c

s
z

(dN /d  | ) m
⊥=

1

0zz −=

Self-similarity parameter

➢ dNch/d|0 - multiplicity density

➢ cAA  - “specific heat” of  bulk matter

➢ A  - nucleus fractal dimension 

➢ AA - fragmentation  dimension 

3
-1

3

inel

π d σ
Ψ(z)= J E

(dN/dη ) σ d p

A+A collisions:  

AA 0 AA pp(dN /d  ) =   + 

A A = 

29

29



M.Tokarev                         Lomonosov’22, MSU, Russia, 2025       

Self-similarity of  h  production in central Au+Au-

Momentum fraction Ax1 Recoil mass MX
Energy loss   ΔE/E=(1-ya)

ΔE/E 
➢  decreases with pT 
➢  increases with √sNN  

MX 
➢  increases  with pT 
➢  increases with √sNN  

Ax1 
➢  increases  with pT 
➢  decreases with √sNN  

Constituent sub-process in terms of 

➢  High x1 and pT → compressed matter

➢  Large MX  → high density recoil system 

➢  High ya →  small energy loss

30 

Smooth behavior of x1 , ya , MX   vs. pT , centrality, collision energy
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20 %
energy loss
 q ≈ 5 GeV/c

25 %
 energy loss

 q ≈ 5.3 GeV/c

60 %
 energy loss

 q ≈ 10 GeV/c

70 %
 energy loss

 q ≈ 13.3 GeV/c

85 %
 energy loss

 q ≈ 26.6 GeV/c

40 %
energy loss

 q ≈ 6.7 GeV/c

50 %
 energy loss
 q ≈ 8 GeV/c

Energy loss   ΔΕ/Ε= (1-ya)  

ΔΕ/Ε
➢ decreases with pT 
➢ increases with √sNN  
➢ increases with centrality

BES-I

Constituent Energy Loss and z-scaling

Energy loss in Au+Au

20 %
energy loss
 q ≈ 5 GeV/c

22 %
 energy loss

 q ≈ 5.1 GeV/c

45 %
 energy loss

 q ≈ 7.3 GeV/c

55 %
 energy loss

 q ≈ 8.9 GeV/c

75 %
 energy loss

 q ≈ 16 GeV/c

30 %
energy loss

 q ≈ 5.7 GeV/c

35 %
 energy loss

 q ≈ 6.2 GeV/c

(40-60)%                                          (0-5)% 

pT – transverse momentum  of produced  hadron 
      q   –  momentum  of scattered  constituent 

pT =4 GeV/c ,  q =pT /ya  

q   – momentum  of scattered 
             constituent
   p – momentum  of produced  
             hadron 

(x1P1+x2P2 –q)2 = MX
2 

q=p/ya

31

Smallest energy loss in cumulative range
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Model parameters: δA, εAA, cAA 

δAδA = AA 0 AA ppε =ε (dN /dη )+ε
Fragmentation dimensionNucleus fractal dimension

➢   δA  decreases with energy for √sNN  ≤ 20 GeV   

➢   δA is independent of energy for √sNN ≥ 20 GeV

➢   εAA  increases with energy      

➢   cAA  is independent of energy  

Parameters  δA, εAA, cAA  are determined from the requirement 

of scaling behavior  of  Ψ as a function of self-similarity parameter z

AAc
“Specific heat”

Search for discontinuity and correlations of the model parameters
 as signatures of Phase Transition and Critical Point. 

XhAuAu +→+ −

STAR  preliminary

stat.err.   ≤10%

XhAuAu +→+ −

STAR  preliminary STAR  preliminary

stat.err.   ≤10% stat.err.   ≤10%

XhAuAu +→+ −

3732
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Cumulative hadron production at RHIC
   in Au+Au at STAR & √sNN =7.7 GeV 

Smooth behavior of  Ψ(z), Ax1, ya, Mx   vs.  pT

33

Momentum fraction Ax1

Recoil mass MX
Momentum fraction ya

Scaling function  Ψ(z)
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Central Au+Au at STAR  & √sNN = 7.7 – 200 GeV 

Cumulative region was only reached at √sNN < 11.5 GeV 

34

Momentum fraction Ax1Scaling function Ψ(z)

Recoil mass MX
Momentum fraction ya
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Conclusions III

➢   The STAR BES-I data on negative hadrons produced   in Au+Au 

      collisions  cover  cumulative region at √sNN =7.7, 11.5 GeV.

➢ Results of analysis  demonstrate smooth behavior in z-presentation vs. 

      collision energy, centrality over a wide range of  pT . 

➢ z-Scaling of particle production manifests self-similarity, locality and 

fractality of hadron interactions at a constituent level. 

➢   The STAR BES-I data on negative hadrons produced   in Au+Au 

       collisions  cover  the cumulative range at √sNN =7.7, 11.5 GeV.

➢  Results of analysis  demonstrate smooth behavior in z-presentation vs. 

       collision energy, centrality over a wide range of  pT . 

➢ z-Scaling of particle production manifests self-similarity, locality and 

fractality of hadron interactions at a constituent level. 

➢ BES-II data  could give more information on cumulative production

        non-strange and strange  (KS
0, Λ) particles .

➢ Verification:  

     --  discontinuity and correlations of the model parameters – fractal  

          dimensions  δA ,  εAA and “heat capacity” cAA

     --  universality of the shape of Ψ(z) 

     --  power asymptotic of of Ψ(z) at high z

 

35
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➢  Smaller energy losses is better for localization of a Critical Point.

➢ High-pT region is most preferable region to search for a Critical Point.

➢ Colliding ions should be not very heavy.

➢ Collision energy √sNN  should be not very high. 

G.A.Leksin 

 Phys. At. Nucl. 

65 (2002) 1985.

I.Zborovský, MT

Phys. Part. Nucl., Lett.

7 (2010) 271.

I.Zborovský, MT, A.Aparin 

Phys. Part. Nucl., Lett.

12 (2015) 221.

Self-similarity of cumulative production 

in collider and fixed target mode at RHIC & NICA ?

We consider that: 

36

NICA & MPD

CM: two beams, √sNN = 4-11 GeV

FXT: one beam, √sNN = 2.4-3.5 GeV

RHIC & STAR

CM: two beams, √sNN = 7.7-200 GeV

FXT: one beam, √sNN = 3.0-7.7 GeV
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FF ε

b

ε

a

δ

2

δ

1 )y(1)y(1)x(1)x(1 −−−−=

N0ch

1/2

0
m)| /d(dN

s
z c

⊥=

1

0zz −=

Self-similarity parameter

➢ dNch/d|0 - multiplicity density

➢ c - “specific heat” of  bulk matter

➢  - nucleus fractal dimension 

➢ F - fragmentation fractal dimension 

3

3
1

inel dp

σd
EJ

σ ) η(dN/d

π
Ψ(z) 


= −

Scaling function
➢   Energy independence of  (z) 

➢   Centrality independence of  (z)   

➢   Power law at  high z  

➢   Saturation at low z  

“Collapse” of data points 
onto a single curve

Self-similarity of  π
–
 production in Au+Au

I.Zborovský, MT

Phys. Part. Nucl., Lett. 7 (2010) 271
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A A1 2 AA AA
δ δ ε ε

1 2 a b(1 x ) (1 x ) (1 y ) (1 y ) = − − − −

AA

1/2

0

ch 0 N

c

s
z

(dN /d  | ) m
⊥=

1

0zz −=

Self-similarity parameter

➢ dNch/d|0 - multiplicity density

➢ cAA  - “specific heat” of  bulk matter

➢ A  - nucleus fractal dimension 

➢ AA - fragmentation  dimension 

3
-1

3

inel

π d σ
Ψ(z)= J E

(dN/dη ) σ d p

A+A collisions:  

AA 0 AA pp(dN /d  ) =   + 

A A = 



M.Tokarev                         Lomonosov’22, MSU, Russia, 2025       

Collider mode of  π
–
 meson production in Au+Au 

Momentum fractions  x1, x2, ya  & recoil mass MX

z-pT plot                       ya-z plot                          pT -spectra   

Cumulative region:  A1x1 >1, pT > 3 GeV/c  → A1x1 = 2, pT = 8 GeV/c 

 Energy loss:  ΔE/E < 40%   →  20%

 Recoil mass: MX > 2 GeV   →  4 GeV

I.Zborovský & MT

Phys.Part.Nucl.,Lett.

7 (2010) 271

Leksin G. A. // ”Methods for Investigating Nuclear 

Matter under the Conditions Characteristic

of Its Transition to Quark –Gluon Plasma”. 

Phys. At. Nucl. 2002. V.65. No.11. P.1985.

G.A.Leksin 

 Phys. At. Nucl. 65 (2002) 1985.
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Microscopic scenario of pion production in Au+Au

Momentum fractions  x1, x2, ya  &  recoil mass MX

➢   Cumulative  range:  Ax2 >1 

➢   Small energy loss :  ΔE/E=(1-ya)

➢   Probe with high pT

➢   Events with high multiplicity 

Kinematics and event selection

➢ Nuclear matter compressed 

➢ Phase transition not smeared

Clear signatures
of phase transition and critical point

39
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Conclusions IV 

➢  Pion production in collider and fixed target modes in  Au+Au 

      collisions in the framework of z-scaling approach were analyzed. 

➢  Dependence of momentum fractions  x1, x2, ya and recoil mass MX 

      on transverse momentum and angle of inclusive particle was studied.

➢  Verification of self-similarity of cumulative high-pT pion production 

       in Au+Au collisions was suggested.  

➢  Discontinuity of fractal dimensions  of nuclei and fragmentation  

       process  and “heat capacity “ is proposed to be considered as a 

       signature of a phase transition .
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Conclusions 

The results can be used to develop programs 

 to search for new physics phenomena in p+A  and A+A collisions  

 at U70, RHIC, LHC & NICA, FAIR.

➢  Data on cumulative hadron spectra obtained by G.Leksin,  L.Zolin 

       and V.Gapienko groups in p+A collisions  at √sNN = 11.5 – 27.4 GeV  

       were reviewed in  the framework of z-scaling approach.

➢  Results of this analysis were compared with previous data obtained  

       by J.Cronin, R.Sulyaev and D.Jaffe groups.

➢  Indication on self-similarity of  hadron production in p+A collisions 

      at high energies in the cumulative region were found.

➢ Universality of  the shape of  Ψ(z) was used to predict pion spectra

      in Au+Au  collisions at √sNN = 9.2 GeV in cumulative range.

➢  Cumulative production in collider and fixed target mode is “window” 

       to search for signatures of phase transitions of nuclear matter.  
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43

➢   The STAR BES-I data on negative hadrons produced   in Au+Au 

       collisions  cover  the cumulative range at √sNN =7.7, 11.5 GeV.

➢  Results of analysis  demonstrate smooth behavior in z-presentation vs. 

       collision energy, centrality over a wide range of  pT . 

➢ z-Scaling of particle production manifests self-similarity, locality and 

fractality of hadron interactions at a constituent level. 

➢ BES-II data  could give more information on cumulative production

        non-strange and strange  (KS
0, Λ) particles .

➢ Verification:  

     --  discontinuity and correlations of the model parameters – fractal  

          dimensions  δA ,  εAA and “heat capacity” cAA

     --  universality of the shape of Ψ(z) 

     --  power asymptotic of of Ψ(z) at high z

 

Back-up slides 
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Self-similarity & z-scaling

Inclusive cross 

sections of 

–, K¯,  p, 

 in pp collisions 

_

➢  Energy & angular independence

➢  Flavor independence (, K, p, )

➢  Saturation for z < 0.1
➢  Power law  Ψ(z)z- for high z > 4

STAR:

PLB 616 (2005) 8

PLB 637 (2006) 161

PRC 75 (2007) 064901

ISR: 

 NPB 100 (1975) 237

 PLB 64 (1976) 111

 NPB 116 (1976) 77

         (low pT)

 NPB 56 (1973) 333

       (small angles)

FNAL:

PRD 75 (1979) 764

Scaling – “collapse” of  data points onto a single curve.
Universality classes – hadron species (F, αF).

Saturation at low z

P
o
w

er
 l

aw
 a

t 
h
ig

h
 z

Energy scan of spectra

 at U70, ISR, SppS, SPS, HERA,

FNAL(fixed target),

    Tevatron, RHIC, LHC  

_

_

MT & I.Zborovsky

T.Dedovich

Phys.Rev.D75,094008(2007)

Int.J.Mod.Phys.A24,1417(2009)

J. Phys.G: Nucl.Part.Phys.

37,085008(2010)    

Int.J.Mod.Phys.A27,1250115(2012)

J.Mod.Phys.3,815(2012)

Nucl. Phys. A993 (2020) 121646

Int.J.Mod.Phys. A32,1750029(2017)   

44



M.Tokarev                         Lomonosov’22, MSU, Russia, 2025       

(x1P1+x2P2 –p/ya)
2 = MX

2 

Momentum conservation law for sub-process 

Locality  

Mass of recoil system 

MX= x1M1+x2M2+m2/yb

Collisions of colliding objects 
are expressed via interactions of their constituents

inclusive
   particle

colliding
   object

recoil
 particle

colliding
   object

P1, P2 , p – momenta of colliding 
and produced particles 

M1, M2 , m1 – masses of colliding 
and produced particles 

x1, x2 – momentum fractions of 
colliding particles carried by 
constituents

ya, yb – momentum fractions of 
scattered constituents carried by 
inclusive particle and its recoil

δ1, δ2 – fractal dimensions of 
colliding particles 

 εa, εb – fractal dimensions 

 of scattered  constituents 

 (fragmentation dimensions)

 m2 – mass of recoil particle

M.T., I.Zborovský

Yu.Panebratsev, G.Skoro

Phys.Rev.D54 5548 (1996)

Int.J.Mod.Phys.A16 1281 (2001)

Elementary sub-process:

(x1M1) + (x2M2 ) → (m1/ya )+ (x1M1+x2M2+ m2/yb )
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Self-similarity

N0ch

1/2

0
m)| η/d(dN

s
z c

⊥=

1

0z −= z

➢ Ω-1  is the minimal resolution at which a constituent sub-process

             can be singled out of  the inclusive reaction

➢   is the transverse kinetic energy of the sub-process

              consumed on production of m1 & m2

➢ dNch /dη|0  is the multiplicity density of charged particles at η = 0

➢  c  is a parameter interpreted as a “specific heat” of created medium    

➢  mN is an arbitrary constant  (fixed at the value of nucleon mass)

1/2s⊥

Interactions  of constituents are mutually similar 

The self-similarity parameter z is a dimensionless variable, expressed through 

the dimensional quantities  P1, P2, p, M1, M2, m1, m2, characterizing 

the process of inclusive  particle  production
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Fractality 

ba21 ε

b

ε

a

δ

2

δ

1 )y-(1)y-(1)x-(1)x-(1=

-1 (x1, x2 , ya, yb )  characterizes resolution at which a constituent sub-
                                  process can be singled out of the inclusive reaction

1, 2, a, b   are  parameters characterizing structure of the colliding
                     objects and fragmentation process, respectively  

Ω  is relative number of configurations containing

      a sub-process with fractions x1, x2 , ya, yb of the    

      corresponding 4-momenta

→
→−1|) (z

The fractal measure z diverges as the resolution -1 increases.

1

0 Ωzz −=

Self-similarity over a wide scale range

Fractal measure

1x,x0 21  1y,y0 ba 
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Momentum fractions:  x1, x2, ya, yb

Principle of minimal resolution:  The momentum fractions  x1, x2 

  and  ya, yb  are determined in a way to minimize the resolution 

  Ω-1  of  the fractal measure z with respect to all constituent  

  sub-processes taking into account 4-momentum conservation law:

0|y /           

0|x /           

0|x /           

)y,x,(xyyb

)y,x,(xyy2

)y,x,(xyy1

b21aa

b21aa

b21aa

=

=

=

=

=

=

ba -ε

b

-ε

a
2-δ

2
1-δ

1

-1 )y(1)y(1)x(1)x-(1 Ω −−−=

(x1P1+x2P2 –p/ya)
2 = MX

2 

Momentum conservation law

Mass of recoil system 
MX= x1M1+x2M2+m2/yb

Fractions  x1, x2 ,ya, yb are expressed via 

Lorentz invariants – scalar products of

4-D momenta  and particle masses.

Resolution of sub-process
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3

3
1

inel dp

σd
EJ

σ ) η(dN/d

π
Ψ(z) 


= −




=
0

1(z)dz

= ⊥ Nσ pdyd
dp

σd
E inel

2

3

3

Scaling function  Ψ(z)

➢    in  - the inelastic cross section

➢   <N>  - the average multiplicity 

➢   dN/d - the multiplicity density 

➢   J(z,;pT
2,y)  - the Jacobian

➢   Ed3/dp3 - the inclusive cross section

Normalization condition

Scale transformation 

preserves the normalization condition

49

1
F
−→ Fz z→ 

The scaling function  Ψ(z)  is  a probability  density to produce  
the inclusive  particle with the corresponding  value 

of self-similarity variable z.
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