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Wigner-Bargmann (1939, 1948) classification (1939, 1948, d = 4) of UIRs

I1S50(1,d — 1) (d > 4 L. Brink, A. Khan, P. Ramond 2002, A.lsaev, 2024) is
characterized by [(d + 1)/2] Casimirs

1. P2 =m? W? = —m?s(s + 1) - massive Unitary irrep (UIR) with (half)integer spin;
2a. P2=0,W? =0, W* = AP" - massless with (half)integer helicity UIR;

2b. P2 =0,W?=p? - massless continuous (fermionic or bosonic ) spin UIR;
Lower Spin refers to consistent classical field theories (s < 2)
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Higher Spin (HS) stands for problematic construction (s > 2)
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Interacting vertices (B,B,B), (B,B,B,B); (F,F,B), (F,F,B, B) in SM

Cubic vertices in SM for lower spins (m = (#)0): (1,1,1), (0,0,1), (3,3,0), (3,5.1)

SSM = /d42’,’ ACSM 5 £SM = ['gauge fields + ['Ieptons + Equarks + [:Yukawa + ACHiggs 5 (1)
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Cubic interacting vertex

Known results on cubic vertices

metric formalism (g*"(x),...) F. Berends, J. Van Reisen, NPB164 (1980),
Berends, G. Burgers, H Van Dam, Nucl. Phys. B271 (1986); A. K. H. Bengtsson,
I. Bengtsson, L. Brink, NPB (1983), E.S. Fradkin, M.A. Vasiliev, NPB 291 (1987),
R. Manvelyan, K. Mkrtchyan, W. Ruhl, PLB 696 (2011), [arXiv:1009.1054
[hep-th]], E. Joung, M. Taronna, NPB 861 (2012) 145, arXiv:1110.5918[hep-th],

I. Buchbinder, V. Krykhtin, M. Tsulaia, D. Weissman, Cubic Vertices for A" = 1,
NPB 967 (2021), arXiv:2103.08231; NPB 859 (2012) arXiv:0712.3526[hep-th];
within (with algebraic constraints, cov.) BRST approach with incomplete BRST
operator (or constrained BRST approach) for integer spins -R.R. Metsaev, (2013);
in BRST approach with (in)complete BRST operator for irreps ISO(1,d — 1)
bosonic fields by I.Buchbinder, A.R. (2021-2025) ;

in frame-like (e%,w?a?,...) approach M. Vasiliev, Cubic Vertices for Symmetric higher
spin Gauge Fields in (A)dSy, NPB 862 (2012) 341 , arXiv:1108.5921[hep-th]
arXiv:2208.02004, M. Khabarov, Yu. Zinoviev. JHEP 02 (2021);

C.V.in N = 2 harmonic SUSY in matter hypermultiplet interacting with N =1
gauge superfields (Buchbinder, E.lvanov, N.Zaigraev 2022-24)

Covariant Cubic vertex for irrep half-integer HS fields not found (in BRST
approach with (in)complete Q(.)). e.g. to find new approach to DM problem due
to SFT spectrum properties
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@ Interaction vertices in the gauge theories: deformation procedure
@ BRST approach with incomplete BRST operator Q. for irreducible
free integer and half-integer higher spins on R14~1:
@ Deformation procedure with Q. for interacting higher-spin fields;
@ General solution of BRST equations for cubic vertices for constrained
of helicities (nq + 1/2,n9 + 1/2, A3) HS fields
© BRST-closed linear on oscillators operator L(9);
@ BRST-closed cubic on oscillators operators Z = Zi11;
© BRST-closed zeroth and first orders operators K(1:2) ().
@ Cubic vertex for massless HS fields with helicities
(n14+1/2,n9 + 1/2,8);
@ On Cubic vertex for (ir)reducible fields within BRST with incomplete
Q). in the first order formalism
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Interaction vertices in the gauge theories: deformation procedure

Noether's procedure (G.Barnich, M.Henneaux 1998, A.R. L > 1 2021):

Gauge theory of Oth -stage reducibility in de Witt condensed notations
So[A] — classical action of fields A';i=1,. e(A") =& = (0,1),
5050 = 0, SoA" = RoLE™, a = 1,.,m,— 0, S()Roa 0, 6% =0

Deformation of k, [k = N2 — 1 in SU(N)] copies of LF for fields A°®, p=1,...k

with quadratic 3~ S{”’[A")] of free fields A" (maybe [i(p1)] # [i(p2)]) with rank
condition

IN =>_,(n” —mP) where ranngingép)HgvSO:O =nf - mp‘
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Interaction vertices in the gauge theories: deformation procedure

Noether's procedure (G.Barnich, M.Henneaux 1998, A.R. L > 1 2021):
Gauge theory of Oth -stage reducibility in de Witt condensed notations

—ci = (0.1)

So[A] — classical action of fields Ali=1,. e(A )
5050 =0, JoA' = Ro .6, a=1,...,m,— D, SOROQ 0, V¢ =0

Deformation of k, [k = N2 — 1 in SU(N)] copies of LF for fields A°®, p=1,...k
with quadratic 3~ S{”’[A")] of free fields A" (maybe [i(p1)] # [i(p2)]) with rank
condition

IN =>_,(n” —mP) where ranngingép)HgvSO:O =nf - mp‘

Sint = Sk SVIAP] 4+ ¢'S1 + %82 + ... g" Sy, degaSy =1 + 2],

5[Z]Ai(p) — 50141'(?) + g51Ai(p) 4.+ glélAi(p) _ l(éot))ga(i) degAszft =1,

initial condition Roa(ﬁ)) = Roa(sp
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Interaction vertices in the irreducible gauge theories: deformation

procedure

Noether's identities as system in powers of g from 5 S;,: = 0:

gl : 5051 + 6150 = 0, (2)

k
g* 6052 4+ 6151 + 6250 =0, So = ZS(()p)
p=1

for the cubic vertex for irreducible GTh

Sint =Ygy S¢”[AP] + g 51, JdegaSi =3[,

5[1]Ai(p) =G0 AP 4 g5, AP = R[llgft))fa(t)v (3)
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Interaction vertices in the irreducible gauge theories: deformation

procedure

Noether's identities as system in powers of g from 5 S;,: = 0:

gl : 5051 + 6150 = 0, (2)

k
g* 6052 4+ 6151 + 6250 =0, So = ZS(()p)
p=1

for the cubic vertex for irreducible GTh

Sint =Ygy S¢”[AP] + g 51, JdegaSi =3[,

5[1]Ai(p) =G0 AP 4 g5, AP = R[llgft))fa(t)v (3)

The equations (2) pass to

g1 : 0051 + 01 Zgzl S((]p) = O(g), N-A Gauge algebra [(5[1], (5[1]] ~ 6[1] (4)

In 4d for spins (0, s1), (0, s2), (0, s3)... in light-cone formalism, first classification :
A. Bengtsson, |. Bengtsson, L. Brink, NPB (1983), A. Bengtsson, |. Bengtsson, N.
Linden (1987)
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BRST approach with incomplete BRST operator Q).

due to tensionless limit (d = 26,10 SFT, M.Green, E.Witten, C. Thorn,
1989; W. Taylor, B. Zwiebach,hep-th/0311017): QG problem [r < 1071°m)]
(G.Bonelli (2003), A. Sagnotti, M. Tsulaia, (2004)) now (Q? = 0 Vd).

:Qo‘i)m Qc :{oo}many HS fields ¢,(%),.., Py (z) in string spectra
Str = —(2ma’) "' [d*0L(X(0)) In BRST approach with incomplete Q. (S. Ouvry,

J. Stern, A. Bengtsson, 1987, G. Barnich, M.Grigoriev, A.Semikhatov 2004, A.R. 2018)
instead of direct problem for generalized canonical quantization of Constrained Dyn.S.
by the aim inverse problem - is an construction of Gl LF for HS fields with (m, s)

irrep conditions |ser|(super)algebralos(z)} = {0°+m?;a; 0", ai,0"; 04,00
1SO(1,d-1), (SO(2,d-1))[ | {o1(x)} : H, [or,0s} = fI5(0)on
BFV
I.B.,E.Fradkin, G.V., M.Henneaux

BRST operator {or}:Q.(x)
Q(: — CA()A + éCACBFAL)BPD(—l)E<oA)+8(OD)
Q7=0. [0} = [2:0) =0, [Ou0c} ~ 00
1z, [EoM:Qclxe) = 0,8h(|xc)) = 0 = action: Sc = [dijo (xe|Qelxe) ~ du(s) (9° +..)¢"
spin: (go + more)([xe), [Ac), ) = (5 — /2 1 - )(1x), [A), )
gauge symmetry: 0|x.) = Qc|Ac),d[A:) =0, ..., constr: O, (|x),|A),...) =0
Q. - for 1-st class constraints without holonomic ones with auxiliary fields on 2 stage
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BRST approach with incomplete Q. for HS fields on R%?~!

Talk devoted to (off-shell) covariant general Lagrangian (cubic: gwA”<31)wA”(52)¢”(33))
vertices for irreducible HS fields on R~ We developed a concept of deformation
Noether’s procedure of free GTh on a base of BRST-BFV = BRST (Becchi, Rouett,
Stora, Tyutin, 1975) approach with incomplete BRST operator & holonomic constraints

particle (m,s): (82+m ", ") ¢ = (0,0,0) =
(107 ll7 11717 go — d/2)‘¢)> = (0707075 ‘¢>
;=) String-like vector |¢) € H, operators lo, l1, l11,go are:

=3 5O Lk 0 o) = e

s>0

diagn*” = (+, —, ...

(lo, L1, l11,90) = (9" 8,4+m?, —a"d,, tatau, —i{a}, a*}).
complete

= nolo + 77;_[1 + lvf_m + mf_mpo + nﬂiu + meu =

incomplete

Q. +Tr,
Sopsllxe)] =[dnos(xe|Qclxe) ~~fddw¢u<s>[(82+m )P + brpu(s—1)+ - } 0Xe)s = Qe|Ac)
Lo <|X(;),\A8 ) - (zn —1/24? +mp1)<m .,|A2>) =(0,0), ¢ Iy = 1/2a"a,

(xe)e 182)s) = (18)s = Pi {mol®a)omr + 5 182)s2}, PHIE)si1);
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BRST approach with incomplete Q. for integer HS fields on R'4~1

{7707770}:@7 {771a771+} = {771+77)1}: 1.
Note, off-shell holonomic constraints in BRST approach: (Barnich, Grigoriev,
Semikhatov, Tipunin 2004
Generating equations for LF with Q. for irreducible HS field:

HQCVCU] =0, [Qmac} =0, [5117Uc] = 2£11|

with [® ) = [®(a™,d") ) 1 . |®)s](gr—0) = })s
Resolution of traceless constraint and algebraic EoM = LF with single vector with s — 1
auxiliary fields

S (¢, ) = (@] (lo — [T 1y — (1)1 — 1503 — T, (o + 11 ) ) | @),
§|®)e =17 |2)sm1 and 111 (Ia]®), [Z)) = (0,0),
LF has smooth massless limit for rn = d*) = 0 resulting to Fronsdal f. (1978) (0, s)

Leyof@) = (1) [{0700), = 50,.0"00),_u+ 5(5 = DOuDr 0001, )

Ls(s = D {0600, a” + 35 = 200, 20”0 _apu”}]

5¢(u)s - _ Zaﬂieﬂl---ﬂi—lﬂiJrl---Ns’ 77”1#26(;054 _ qﬁw)““w;w -0 (6)
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d—1

BRST approach with incomplete Q. for half-integer fields on R"

In A. R, JHEP (2018) 1803.04678 such LF was derived
particle (0,n+1/2): (1904, V" )aum) = (0,0) <=
(to, t1,90 — d/2)[p) = (0,0,n)[3)).
4 =2, {3",4}=0, 4 =-1, sothat v =7"3,

" o) T
|¢> = Z E(ﬁu( ) Ha:7|0>7 [awa;ﬂ = _TIWM
' i=1

n>0
(to,lo, l1, tl,go) = (fy"&,, 0,0",—1a" 0., ¥’ ay, %a“au,—%{a:, a“}).

Qric = aoto+molo +ni b+ m +1(nim —a3)Po, [0, 0] =1
{Ti,Lu} = {tr —unpo —2qoP1, l1n +mP1},
Ge = got+n{Pi—mP’

Generating equations for LF with Q. for irreducible HS field:

[QF|(:77—1} =0, [QF|ca Jc] =0, [7—1’ Uc] =T
The second order EoM for field vector

0 0 0
QF|c|Xc>n = 07 §|Xc>n = QF\C|A0>H7 7-1 (|Xc>n7 |Ac>n) = 07
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BRST approach with Q. for half-integer HS field on R%4~1

The corresponding BRST-like second order constrained gauge-invariant action
S = [ dnon(R2QriclXns IX2)n = [X0e)n + ol x0je)n + 10FIX 1)
|

IXoje)n = [W)n + 7 P [X)n-2,  [Xoje)n = PLAIX1)n—1 =,
|Aojc)n = Py 1E)n1,
Note, there exists triplet first order LF, which equivalent to Fang-Fronsdal LF, 1978

ﬁC\(n)(\P) = (_1)@@)”{_ Z'YuaM\II(V)n + in(n_ 1)77Vn71Vn (ZV#aﬂ)\II(V)n—2MH (7)
e G o e G (P S (L N L 7

- %n(n - 1) (’71’71—1 (Zal’n )77”"_1“" + nVn—an’Yun_l (Zaun))‘ll(l/)nfz,unflun}a

n
sumn _Zauigmquuuuﬂn’ ,yulg(ﬂ)n—l _ %1%2%3‘1’(”)" -0 (8)

i=1

An equivalence of the LFs with incomplete & complete BRST operators for any irrep
with (half)integer spin on R"?! is (cohomologically) established in A. R, JHEP
(2018) 1803.04678, but for interacting theory of the same HS fields it has not yet
been solved.
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Deformation procedure with Q. for interacting higher-spin fields

Aim is to find covariant form of cubic vertex for massless fermionic

(n1+1/2), (n2 +1/2) and 1 bosonic s3 fields. |V(3)>82 eHY @H® @ H™ found
in light-cone [R. Metsaev, 2007] with preserving the irreducibility for the fields on the
interacting level for each copy of interacting HS fields. ( i = 1,2, 3 enumerating the
copy of fields, for massless (m)s = (0,0,0) and spins (s)3 = (n1 +1/2,n2 + 1/2, s3))
Cubic vertex for HS fields (n1 + 1/2,n2 4+ 1/2, s3) within BRST approach with
incomplete Q. includes 2 copies of vectors for fermionic [x("),.,, |[A)),, , and 1
bosonic \X§)>53, |A(§))53 with |0)%, [0)® and oscillators aV#F ..., i = 1,2, ...

Deformed (in second order formalism) action and gauge transformations (ns = s3)

3 2) .
S[l]\C\(S)S[X(l):X(Q)vXS!;)] = ZS((J\C\M +80|C|Ss Jrg/l_[ dT}( )< {x
i=1

e=1
o) }X(i)>”~i ¥f6|1\( ! Jni =g / H dn<l+6) ( Tit1 <A(i+1) |"z‘+2 <X(i+2)|
+E+1ei+ 2)) ’V( )>(5)3,
2
6[1] }Xg)>83 = Qg?’) ‘A<3)1>83 -9 / H d77(<)8> (nl <A(1) ’nz <X(2) |
e=1

+ (1« 2))!‘7(3)>< )

N (s +h.(;‘>,
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Including interaction through systems of equations for cubic vertices

obeying z-locality

3 3
V) s =10 (@1 —2) VS, @V 0%, POH T n6”10), 10) = @i-u]0)",
=2

j=1

Proposition 1 (generating equations for cubic vertices )

The Noether identities for the cubic deformation (UMW &®)) of LF for the particles
(mi, Si), 1= 1, 2,3

gt G0Si(e) + 01 5 Sops =0,

transforms to the local system of equations, which for coinciding VO =76 =y®
has universal form

2
(@, T, £7), 0¥ — LO)V®) (). = @,n) |, @ =D Q% +QP L
k=1

v

Thus, the vertex should be BRST-closed, traceless and gamma-traceless and composed

from a\)T pOF pOF plo) - gla) )y — 1,2 of spin (n1 +1/2,na + 1/2, s3)
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General solution of BRST equations for cubic vertices for HS fields

of helicities (n; +1/2,ny + 1/2, s3)

We derive 2 types of the cubic vertices in the approach with Q., in following different
cases:

@ (0,n1 +1/2) - (0,n2 +1/2)—(0, A3) A.R, (2025) & in progress ;
@ (0,n1+1/2) = (0,n2 +1/2) —(ms, s3)
° (O7n1 + 1/2) - (m27n2 + 1/2) - (Oa )‘3)
o (O,Tll + 1/2) — (’I“IZQ,HQ + 1/2) — (mg,Sg)
(0,n1 +1/2)
(mz,nz + 1/2
(3)\(0,ma,m3) _ +
|V >(n1,7§2,52) =
(m3,33)

and derive from light-cone (cubic) vertices for irreducible reps of ISO(1,d — 1)
(Metsaev 2012) the covariant ones
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General solution for cubic vertices massless HS fields of helicities

(n1+1/2,n2 4+ 1/2, s3)

seek QL°'-BRST - closed solution,
|V<3)> ZP SO TIX(L™)* of specific homogeneous in oscillators (linear in 8,,) operators
(1), Q**-BRST- closed monomials L"), i = 1,2,3 and 3-rd order Z

@ — (p(erl) p(z+2)) (i) pu+ (Péwrl) p(z+2))n§i)+7 pff)z—iag)

deg at ”r]Jr L(l) =1 L(l)wu(nl)d@) ¢<3) = 1/}#(7741*1)# wiizlz>¢;?13)’

Yv(n2) Pp(ss)

2)

7 = L§112)+L(3)+L<1213)+L(1)—|—L5311)+L(2>

y _ ) 1. ) 1. .

L5111+1)+ _ a(z)u+a&z+1)+ _ §P£l)+'r]§l+l)+ _ §P1(1+1)+n§1)+.

_ 9. 7.(1) (2) (3) (1) ,(3) <
dega+ )2 =31 2V, Vuing) Potss) = Culng -1 ()”q/)y(w 0 oy —1)pTe-c-(1,2,3)
(3)

K" = ’7“;523) Z(I(()l) [7)(()3) - 7)(()2) 373(1)] + “1(2) [P((Jg) - P(ED - 37)(()2)}7
F = (L(g) — %[K(lz), 7‘1(3)]5)7 where

3 2) (1 2) (1)7) = 1 2 3 3 1 2
7—1(): 1_ [q()pg)-i-q()()] ”+(3)—|—Z(()+p())()+—2P£)+(qé)+qé))
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General covariant solutions for the cubic vertices

to get them we have used momenta conservation law, Zlepff) =0
(0,n1 +1/2)

(0,n2 4+ 1/2)
‘V(3)>(0,0,0) _ +

(n1,n2,s3)

(0, 53)

o K-vertex in SM MZ (1,1, 0)

3
M@3) 12 Lis—k11 i)\ni—2(s—k+1).
O W | CU
k i=1
o F-vertex in SM (%, %,1)1 (1, 9, v Ap)
3

Z 773 (5—k) (LB)H)~1 H(L(i))m*%(sfk)

k =1

M(@3)
VEI)s

>

k-parametric family.e.g. for K-vertex: s — 2smin + 1 <k <s+1,s=>_s;
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Conclusion

@ BRST approachs with incomplete BRST operator for irreducible interacting HS
fields (in second order approximation) is developed) for Lagrangian covariant cubic
vertices with massless fermionic and bosonic irreducible fields in Minkowski spaces;

@ What to do? - one should to reduce the interacting theory into first order (for free
fermionic part) formalism, which for d = 4 may be effectively done in spinor
formalism (l.Buchbinder, A.lsaev, V. Krykhtin, S. Fedoruk, 2019-2025);

@ examples of cubic vertices for lower spins (3, 2,1), ... and quantization procedure?
Welcome for collaborations.

v

Thank you very much
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