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Intoductional coments

10th talk at Lomonosov Conferebce Series

4th e+e− annihilation Adler function related talk
1997 year Lomonosov Conference ;
1999 year Lomonosov Conference (Particle Physics at the
start of New Millenium , pp. 43-52),
2023 year Lomonosov Conference

Returning to the topic in view of two talks at XXII
Lomonsov Conference by
BESIII collaboration related talk by G. S. Huang (21.08 )
KEDR collaboration related talk by K. Todyshev (23.08)

And in view of XVII Academician Markov INR Conference
(21 .05) with participation by
I. Ya. Are�eva, D. I. Kazakov and V.A. Smirnov



2025 Markov Conference, INR

https://yandex.ru/video/preview/10823430920463103816



Problems to be touched

High orders perturbative QCD and Renormalization Group
related signals of the conformal symmetry violations ;

Axial-Vector-Vector anomaly as the bridge between Deep
Inelastic and Annihilation procecceses ;

Bridges between DI sum rules and e+e−-annihilation to
hadrons D-function (and R-ratio) PT QCD expressions ;

Perturbative QCD scale-scheme ambiguities ; consideration
of theoretical uncertainties of PT QCD predictions



Processes to be considered

The process e+e− - annihilation to hadrons. It is tested at
di�erent colliders. It is possible to consider e+e−

annihilation into γ∗ or Z0, creating then hadrons.
Novosibirsk, Bejing, KEK existing colliders and CEPC,
CERN FCC etc.

DIS processes give possibility to understand better the
content of nucleon; JLAB, EIC (BNL)

Is it possible to relate characteristics of de�nite annihilation
(s-channel ) and DIS (t-channel) processes ? The answer is
- yes, through applying OPE to the AVV triangle diagram.
What are the outcomes ?



De�nitions of basic quantities

The e+e− to hadrons D function in QCD with as = αs/π

D(as(Q
2)) = Q2

∞∫
0

ds
Rth

e+e−(as(s))

(s+Q2)2
→ Q2
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0

ds
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(s+Q2)2
,

Rth
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tot (as)/(σ0(e
+e− → µ+µ−) = 4πα2/(3s)).(

∂

∂ lnµ2
+ β(as)

∂
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)
D(as) = 0,

∂as
∂ lnµ2
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D (as) = (Nc = 3)
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q2i

)
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DSI (as)

While considering σ0(e
+e− → γ∗ → µ+µ−) = 4πα2/(3s) we �x

RS procedure α = Z3(α)αB with Z3 = 1. Then the expression
for Rth(s) is de�ned in the model SUc(3) + U(1) and not
SUc(3)× U(1) ( in THEORY : γ∗ (or decaying Z0 ) is virtual
without any loop insertions (!) ).).



MS-scheme results for DNS (as) = 1 +
∑
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Gorishny,K,Larin (87-bug in SCHOONSCHIP programs);
corrected and recalculated further in Gorishny,K,Larin (91);
Surguladze, Samuel (91); Chetyrkin (97)



d4 in the MS-scheme
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d4-continuation
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Baikov, Chetyrkin, Kuhn (2008-2010); Con�rmed by Herzog,
Ruijl, Ueda, Vermaseren, Vogt (2017)



Perturbative QCD for LEP

Reports of the Working Group on Precision Calculations for the
Z Resonace CERN 95-03 Yellow Report ; 410 pages
Eds. Dmitry Bardin; Wolfgang Hollik ; Gian Piero Passarino ;

K.G. Chetyrkin, J. H. Kuhn, A. Kwiatkowski,
QCD Corrections to the e+e− Cross-Section and the Z
Boson Decay Rate , pp.175-263 ; Phys. Rept. 277 (1996)
189-281

S.A.Larin, T. van Ritbergen, J. A. M. Vermaseren, The
Large Quark Mass Expansion of Γ(Z0 → hadrons) in Order
α3
s, pp. 265-274;

J. Chyla, A. L. Kataev, Theoretical Ambiguities of QCD
Predictions at the Z0 Peak, pp. 313-340

S. G. Gorishnii, A.L. Kataev and S. A. Larin; The behaviour of
σtot(e

+e− → hadrons) in QCD and in theories with scalar
quarks, Proceedings of "Physics of e+e− Interactions ";
December 1987; Dubna E2-88-363 ; pp.33-60



Sum rules of lN and νN deep-inelastic scattering

SBjp(Q
2) =

∫ 1

0
dx[g

(lp)
1 (x,Q2)− g

(ln)
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6
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CGLS(as) = CNS(as) + CSI
GLS(as)

Sum rules are used for extraction of αs values and study of the
contributions of high-twist non-perturbativec e�ects Non-singlet
and singlet coe�cient functions should be analysed separately



MS-scheme analytical results for
CNS (as) = 1 +
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c4 coe�cient in the MS-scheme
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c4-continuation
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Baikov, Chetyrkin, Kuhn (2010) evaluated directly ; presented
�rst in this forn by Kataev, Mikhailov (10-12) (memorial Theor
Mat Fiz (2012) volume of Academician Tavkhelidze)



Special analytical structure of the CBK relation

Conformal symmetry based study Crewther (1972) and
respecting QCD asymptotic freedom e�ects at O(a3s) level
Broadhurst, Kataev (1993) CBK relation . Property of the
factorization of the QCD β-function is outlined. Con�rmed at
the O(a4s)-level by Chetyrkin, Baikov, Kuhn (2010)
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In view of conformal symmetry applied to AVV
scale-independent coe�cients in CNS and DNS are cancelling
out.



Factorization property of the QCD β-function

This property is non-trivial even in QED when CA = 0. In
general β-function is responsible for e�ects of conformal
symmetry violation. Expressions in MS-like schemes

β(as) = −
∑
n≥0
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n
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O.V. Tarasov,A.A. Vladimirov, A.A. Zharkov (1980); S.A.Larin,
J.A.M. Vermaseren (1993); Available 4 and 5 loop QCD
β-function terms will be not considered.



Massless MS Broadhurst-Kataev (93) renormalon related
expressions



Few words on factorization of the β-function
Is important feature. Measure of violation of the CS in
renormalized QFT models. Step to proof in all orders
Crewther (96).
Step to independent con�rmation V.Braun, Korchemsky,
Muller (03)
Factorization is valid in gauge-independent schemes
Garkusha, AK,Molokoedov (18) and gauge-dependent
schemes Gracey, Mason (23)
Considerations of static potential vs cusp anomalous
dimension= Wilson loops related Grozin,Henn, Korchemsky
, Merquard (16); Grozin (23)

In t 'Hooft scheme no property of factorization, though e�ects of
β0 and β1 are seen Garkusha, AK (11). In the diagrammatic

MS-relatesd schemes CBK relation can be re-written as

CNS(as)D
NS(as) = 1 +

∑
n≥0

(
β(as)

as

)n

Pn(as)

P0(as) = 0 E�ect of conformal symmetry. AK,Mikhailov (10-12)



The {β}-expansion for the RG-invariant quantities

Dns(as) = 1 + d1as + d2(nf )a
2
s + d3(nf )a

3
s + d4(nf )a

4
s +O(a5s)

In the MS-like schemes β-expansion prescription is:

d1 = d1[0]

d2(nf ) = β0d2[1] + d2[0]Brodsky,Lepage, Mackenzie BLM (1983)

d3(nf ) = β2
0d3[2] + β1d3[0, 1] + β0d3[1] + d3[0],

d4(nf ) = β3
0d4[3] + β2d4[0, 0, 1] + β1β0d4[1, 1] + β2

0d4[2] + β1d4[0, 1]

+β0d4[1] + d4[0]; . . .

Suggested by Mikhailov (Quarks2004, hep-ph.0411397 ;

JHEP(07)) Further on Kataev, Mikhalov (12,15,16) ;
Brodsky,Wu, Mojaza et al(12-25) ; Cvetic,Kataev(16) ;
Kataev,Molokoedov (22,23) ; Baikov, Mikhailov (22-23) ;
Mikhailov (24) diagrammatic but or (!) extanded QCD

and in part SQCD related study



The {β} expanded QCD terms for Dns in SU(Nc)

Using the Cvetic,Kataev (16) MS-scheme factorized model ,
motivated by Kataev,Mikhailov (12) CBK-related consideration

Dns(as) = 1 +
∑
n≥0

(
β(as)
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)n
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we obtain the results, which di�er in part from obtained in
QCD+gluino theory Mikhailov (07), Kataev,Mikhailov

(14;15;16) diagrammatic analysis
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As the result one has d3[0] = −23.227 ̸= −35.87,



The {β} expanded QCD expression for d4 for Adler
e+e−-function
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d4[0] = +81.157 ̸= −98 Di�er from diagrammatic related

expression îf Mikhailov (22-24), obtained using

Chetyrkin ( 22) and Zoller (16) eQCD calculations

supported by diagrammatic QCD Ball, Beneke, V. Braun (95) .



D-function at the O(a4s)-level and PMC/BLM -
representations

Compare MS-scheme D-function with the scale independent
coe�cients Cvetic,K (16) -model with with Mikhailov (07;..;24)
diagrammatic though quantity dependent Extended QCD
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f − 0.010n3

f )a
4
s

)
DCK

PMC/BLM (as) = 3
∑
f

Q2
f

(
1 + a∗ +

1

12
a2∗ − 23.227a3∗

+(81.157− 0.0080nf )a
4
∗
)

DM
PMC/BLM (as) = 3

∑
f

Q2
f

(
1 + a∗∗ +

1

12
a2∗∗ − 35.87a3∗∗

+(−98− 0.0080nf )a
4
∗∗
)

Basis of PMC/BLM proposed in Brodsky, Wu (12-25) idea



PMC/BLM vs massless MS: AK,Molokoedov PRD 108
(23)
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Experimental related data are higher then MS Eidelman,
Jegerlehner, AK, Veretin (98); Davier et al (23).
PMC as generalization of BLM X. G. Wu, J. M. Shen, B. L. Du,
X. D. Huang, S. Q. Wang and S. J. Brodsky, Prog. Part. Nucl.
Phys. 108 (2019), 103706



Conclusion from K,Molokoedov PRD 108 (2023) 096027

Apologizes to our guests from China, but since is science
As seen from Fig. 1a, the application of the PMC-BLM
procedure to the massless MS Adler function PT approximations
is leading to moving the considered curves lower away fromthe
experimentally based results for the Adler function in the
considered kinematical region. Therefore, better not to use the
PMC-BLM in the process of comparison with the existing
experimental data and, in particular, the ones provided by the
e+e− colliders. PMC/BLM are qualitatively closer to "Finite
QED" . May lead to UNDERESTIMATE of theory QCD
ambiguities . .
Let us wait also A. Arbuzov and U. Voznaya today e+e−

related talks



Conclusion

The BESIII and KEDR e+e− hadrons R(s) data may be used
for more detailed considerations of Adler-function extraction
from S. Eidelman and F. Jegerlehner (1995) related bank of
e+e− data
For the latest analysis see
M. Davier, D. D��az-Calder�on, B. Malaescu, A. Pich,
A. Rodr��guez-S�anchez and Z. Zhang, �The Euclidean Adler
function and its interplay with ∆αhad

QED and αs,� JHEP 04

(2023), 067 [arXiv:2302.01359 [hep-ph]]. and 1999 year Phys
Lett Eidelman, Jegerlehner, AK and Veretin


