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Background

Although neutrino has been proposed by Pauli in 1930%and experimentally dis-
covered first by Cowan and Reines in 1956, our understanding of neutrinos
has never stopped evolving. We now know that neutrino can change from one
flavour to another after propagation in spacetime. The most promising reason
for this phenomenon is non-degenerate neutrino masses with the mismatch be-
tween flavour eigenstates and mass eigenstates. This immediately leads to a
natural question: Where do neutrino masses come from? At the present stage,
the most widely welcome class of mass generation mechanisms are the so-called
seesaw mechanisms, in which one or more types of unobserved heavy neutrinos
are introduced to the original Standard Model to account for the tiny but non-
degenerate masses of the observed neutrinos in a way similar to what a seesaw
looks like — one end up and one end down.

1W. Pauli, in Proceedings of the Gauverein Conference, Tiibingen, Germany, 4 December 1930.

2C. L. Cowan Jr. et al., Science 124, 103-104 (1956).
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Background

A large number of models have been proposed for the generation of neutrino
masses. As remarked by Edward Witten in the 19th International Conference on
Neutrino Physics and Astrophysics (Neutrino 2000) in 2000°:

For neutrino masses, the considerations have always been qualitative, and,
despite some interesting attempts, there has never been a convincing
quantitative model of the neutrino masses.

Witten's opinion is still essentially true after 24 years.

To improve the quantitative predictability of models, one can introduce some
constraints, such as flavour symmetries, to reduce those degrees of freedom.

3E. Witten, Nucl. Phys. B Proc. Suppl. 91, 3-8 (2001).
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Canonical seesaw mechanism

In canonical seesaw mechanism*, three right-handed neutrino fields Nor with
« = e, u, T are appended to the Standard Model of particle physics. These new
neutrino fields are SU(2)1, singlet. The corresponding neutrino mass term with
both gauge invariance and Lorentz invariance is as follows:

—, = 1
—L, =L Y,HNR + E(NR)CMRNR + h.c..

A

I, SU(2)1, doublet of left-handed lepton fields.

Y,: 3 x 3 Yukawa coupling matrix.

A

A

H: defined with Higgs doublet H and the second Pauli matrix o2 as

H:= ioxH".

Ngr: column vector (Ner, Nur, Nor)”.

A

A

Mgr: 3 x 3 Majorana mass matrix.

A

h.c.: “Hermitian conjugate”.

4E.g., P. Minkowski, Phys. Lett. B 67, 421 (1977). More in the references.
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Canonical seesaw mechanism

After spontaneous electroweak symmetry breaking, the part of Lagrangian density
responsible for neutrino masses is

—L), = % 7 (Mr)°) (z\gg %g) ((l]’\?g) +he.

< yr,: column vector (ver,, vur, v-1) T
< Mp: 3 x 3 Dirac mass matrix defined by Y, (H).

< (H): vacuum expectation value of the Higgs field.

5/34



Canonical Seesaw Mechanism
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Canonical seesaw mechanism

The whole 6 X 6 mass matrix can be diagonalised by the unitary matrix <U R)

S Q
as follows:
U R\'/0 Mpy\/U R\" (D, 0
S Q ME MrJ\S Q) ~\0 Dy}
t: conjugate transpose.
*: complex conjugate.

<
P
< D,: diagonal matrix with eigenvalues m;, ma, ms.
<

Dy diagonal matrix with eigenvalues M;, M2, Ms.
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Canonical Seesaw Mechanism
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Canonical seesaw mechanism

< Unitarity conditions:
uuf + RRF = 8T+ QQf =1,
U'U+s'S=R'R+Q'Q=1,
ust +RQM =U'R+8TQ =0.
< Exact seesaw formula:

UD,UT+ RDyRT = 0.
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Relevant works

In JHEP 06 (2022) 034 (presented in ICHEP2022)°, it is claimed that the ex-
perimentally favoured relation |U,;| = |Ur| (for ¢ = 1,2,3) necessarily implies
IR.i| = |[R+i| (for i = 1,2, 3) in the context of canonical seesaw mechanism, from

1 0 0
which it is further claimed that in the scenario U = PU* with P= [0 0 1

0 1 0
the relation R = PR" is a necessary consequence and there is a corresponding
minimal flavour symmetry in the neutrino mass term under the transformation
Ve, = (Ver)®, vur — (v71)¢, V-1 — (vu1)€ on the left-handed neutrino fields
and arbitrary unitary CP transformation on the right-handed neutrino fields.

57.-2. Xing, JHEP 06, 034 (2022)
8/34



Previous Results
0000000000

Previous results

After carefully re-examining the argument in JHEP 06 (2022) 034, we find that
the relation R = PR™ is no more than one of many possibilities that can accom-
modate U = PU”" in the context of canonical seesaw mechanism. Therefore,
the minimal symmetry mentioned earlier is a good guess but does not necessarily
exist in the scenario U = PU*
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Previous results

By substituting U = PU™ into the exact seesaw formula, we have
(PU"D,(PU*)" + RDNR” = 0.

By simultaneously left- and right-multiplying P on the above equation, and then
taking its complex conjugate, one obtains

UD,UT + (PR*)Dy(PR*)" = 0.

Note that we have made use of the properties that D, and Dy are both diagonal
and real. Comparing the above equation with the previously mentioned exact
seesaw formula, one immediately obtain:

RDyR” = (PR*)Dn(PR)".

It is claimed in the previous works that the above equation necessarily implies
R = PR*. However, this is mathematically not correct, since RDNRT =
(PR*)Dn(PR*)T, as a matrix equation, is not a sufficient condition for R =
PR™.
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Previous results

We show that®, there exist at least 6 distinct nontrivial classes of 3 x 3 matrices
F, such that for any of these choices the relation RDyRT = (RF)Dn(RF)T is
always true. A more general condition to be satisfied is thus RF' = PR*.

6J. Lu, A. H. Chan and C. H. Oh, Universe 10(1), 50 (2024).
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Previous results
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Previous results

0 0 x
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Previous results
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Previous results

x 0 X
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Previous results

x x 0
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Previous results

1 0 O
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Previous results

Detailed analysis on all these possibilities shows that the R = PR" is generally
not a necessary implication of U = PU*. And the minimal symmetry mentioned
earlier is not guaranteed even if U = PU” is experimentally supported. To reach
the genuine flavour symmetry (if it really exists), more constraints are needed.

More details and discussions can be found in our paper J. Lu, A. H. Chan and
C. H. Oh, Universe 10 (2024) 1, 50.
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Classifying F and Distinguishing Physical Classes

< Goal: classify all right-multiplications F with FDyFT = Dy that leave
m, invariant.

< Show: different F-classes are physically distinct beyond oscillations using
flavor invariants.

< Key punchline: same m, = same heavy-light physics or leptogenesis.
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Physical Inequivalence
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Why do we need class-sensitive diagnostics?

< Exact seesaw identity: m, = —RDyRT.

< For any Fwith FDNyFT = Dy: (RF)Dn(RF)T = RDyRT = m,
unchanged.

< Consequence: oscillation observables alone cannot select a unique R.

< Question: How to prove different F-classes are physically inequivalent?

20/34



Physical Inequivalence
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Setup and notation

< Type-l seesaw with three Ng: £ D> —€,mpNg — s NECMgrNE + h.c.

A

Light mass matrix: m, = —mDMglmg.

A

Exact diagonalization (block form): U7 MU = diag(D,, D), with
heavy-light R.

A

Define non-unitarity: n = %RR*.

21/34
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The invariance group that preserves m,,

< Theorem:
G ={Fe GL(3,C) | FDyF" = Dy} = DY? 0(3,C) Dy'/?.

< Proof idea: set H= Dy'/?FDY* = HH" = I.

< The above six classes are concrete representatives in O(3,C).

22/34



Physical Inequivalence
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The six F-class representatives

< A: H= ] (identity), B: H=diag(—1,1,1), C: H= P23 (swap 2 <> 3).

A

D: H= R12(0.7 i), E: H= R23(0.5 + 0.3 i), F: H= R13(0.9).

A

Realized in F = D)/*HDy"/?.

A

All give identical m,, but different heavy—light textures.
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Physical Inequivalence
[e]e]elele] lelelelelelele]e)

Low-energy invariants that are class-blind

< Under weak-basis transform (WBT): m, — Wrm, wr.

<« Define h, = m,,mi. Then I,y =Trh,, L=Tr h,2,7 1,3 =deth,
are invariant under WBT and under F-redefinitions.

< Purpose: serve as consistency checks across classes.

24/34
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Non-unitarity diagnostics from 7

<= %RRT, transforms as n — Wrn WTL

< Flavor invariants (class-sensitive):
Jpa=Trn, Jy2=Trn? J,3=detn.

< Key subtlety: detn =272 det(D,)det(Dy") is independent of H
(constant across classes), but Tr7, Trn? vary with class.

25 /34
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Alignment and CP-odd leptogenesis invariants

< Alignment (orientation) invariant:
Kaiign = Tr([n, h,,]2> <0, [A,B]= AB— BA. Measures misalignment
of n vs h,; strongly class-dependent.

< CP-odd invariant (unflavored leptogenesis):

IgF), x ZK?(Mf — J\lf)Mi]\/[jIm[(mEmD)fj]. WBT-invariant and
class-sensitive; sign and magnitude vary with class.
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Rigorous invariance under weak-basis transformations

<« WBT: mp — Wymp Wi, Mp — Wi Mg Wh,
< m, — Wrm, Wi = TrhE, det h, invariant (similarity).
<« R— WLRVIV =n— Wiy WE = T]rnk7 det n invariant.

< CP-odd trace built from m},mD and Mp is invariant by cyclicity and
functional calculus.
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Benchmark inputs and class representatives

A

Spectra: D, = {m1, m2, m3} (NO), Dy = diag(3,5,8) x 10** GeV.

< PMNS matrix with 023 = 45°, § = —n/2 (exact | Uys| = | Uril).

A

Six H choices (A-F) = six F-classes.

A

Compute {I,1, L2, I, 3} and class-sensitive set
{Trn, Tr 772, detn, Ka“gn,l'gg,}.
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Class separation in invariant space

< Controls: 1,1, I,.2, I3 identical for A—F (sanity check).

< Variation across classes:
o Trn, Trn?: vary by O(1~4).
o K,iign: spans >30 orders of magnitude (orientation effect).
1)

° IéP: changes in magnitude and sign.

o det7: constant across A—F (as predicted).
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Degeneracies enlarge G and suppress CP traces

< If M; = Mj: G enlarges (more H directions survive).

< CP-odd unflavored invariant oc (M7 — M]z) is suppressed/vanishes for that
pair.

< Practical upshot: need higher-order / flavored invariants to keep classes
distinguishable near degeneracy.
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What observables can separate classes?

< Oscillations alone cannot select an F-class (same m, ).

< Discriminators:

o Precision non-unitarity (n): pattern and magnitude.
o Charged-lepton flavor violation (via mTDmD).

o Leptogenesis viability (size/sign of I((le),).

< Treat (Trn, Tr 72, Ka“gn,I(Clg,) as a fingerprint of the class at fixed
(U, Dv, Dy).
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Physical non-equivalence of F-classes (at fixed U, D,, Dy)

A

my is independent of H € O(3,C) = class-blind controls match.
< Try, Trn?, Kalign, Iélg, are WBT-invariant but class-dependent.

< detn =273 det(D,) det(Dy") is class-independent.

A

Therefore: distinct H = physically distinct seesaw completions.

32/34



References
[ ]

References

A

A A A A

A A A A A

W. Pauli, in Proceedings of the Gauverein Conference, Tiibingen,
Germany, 4 December 1930.

C. L. Cowan Jr. et al., Science 124, 103-104 (1956).
E. Witten, Nucl. Phys. B Proc. Suppl. 91, 3-8 (2001).
P. Minkowski, Phys. Lett. B 67, 421 (1977).

M. Gell-Mann, P. Ramond and R. Slansky, Conf. Proc. C 790927,
315-321 (1979).

T. Yanagida, Conf. Proc. C 7902131, 95-99 (1979).

S. L. Glashow, NATO Sci. Ser. B 61, 687 (1980).

R. N. Mohapatra and G. Senjanovi¢, Phys. Rev. Lett. 44, 912 (1980).
Z.-z. Xing, JHEP 06, 034 (2022).

J. Lu, A. H. Chan and C. H. Oh, Universe 10(1), 50 (2024).

33/34



The End

Thank you!
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