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Weyl Geometry

The gauge invariance of the classical electrodynamics is translated

into the local conformal invariance of the curvature tensor, R“VM,
Ricci tensor R, and strength tensor F,,:
iz _ pu
R vao R VAo
R/u/ = Nuv
Fu = Fuu.
Here F,, = A, — A,v, "hat”, ™", means — " confomally transformed”;

Local conformal transformation:
ds? = g, dx"dx” = Q3(x)d8* = Q2(x) g, dx"dx".

Q(x) — conformal factor
We will consider A, not as an electromagnetic potential (like Hermann
Weyl did), but as some part (vector one) of the Weyl geometry.

This is the “Weyl Geometry”



. Conformal invariant gravity

Electromagnetic equations are conformal invariant (H.Weyl).
Hermann Weyl claims:
In the unified theory gravitational equations should be conformal
invariant.
Quadratic gravity — why?
© Most natural in constructing conformal invariant action
integral (Lagrangian) in 4-dim
@ Appears in the trace anomaly formulas for one-loop quantum
calculations:
A.D. Sakharov's induced gravity (1966)
Ya.B. Zel'dovich and A.A. Starobinsky
L. Parker and S. Fulling
A.A. Grib, S.G. Mamaev, V.M. Mostepanenko



Sw = /EW\/Tg d*x
Lw = o RWAJR“”AU + R R + asR? + agFu, F*
Its counterpart in Riemannian geometry:
Ly = a1Ruxe R + aaR R* + azR* + ayR + asN (A, = 0)
can be rewritten as
Lo = aCure C*"* + BGB + YR + asR + asA

1 1 1
o =201 + 5Q2, B=—-a; — S0 V= §(Oz1 + az + 3a3)
Cuvre — Weyl tensor

(completely traceless part of the curvature tensor)

1
C,U,V)\O’ = Ruuka - 7(Ru)\g1/0' - Ruogu)\+
2

1
+Ruag1//\ - RuAgua) + 6R(gu)\gua - guagu)\)



Gauss-Bonnet term
GB = R R"*" — 4R, R™ + R?
In 4-dim GB — full derivative, does not affect field equations
Conformal invariance
c,=C",, = CVg=CV-§ =

the only term in Ly left.



Total action

Stot = Sw + Sm

Important! The action integral for the matter fields, S;,, does not
need to be conformal invariant, but its variation, §5,,, does.

35n == [ T8I dx - [6"(5A) =g d'x

L .
W(M})\/ng x=0

1) — collective dynamical variable describing the matter
fields, % = 0:
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Total action |1

Let 50
08 = 208, (00) = 2gW§

5A, = 26 (%ﬂ) = 20(log Q) ;. = 2(0(log ?)) . = 2 @2)

Then,

0= [1g, () vga—2 [ () vgax -
M

2G%, = TraceTH

This is the self-consistency condition (consequence of field
equations).



Field equations |

Vector equation (0A),)
201{D,}* + D7 — D" 1+

a2{g"" g V(3R + Ruw) — g™ (V23Rag) } +
2043{ — 3g”"go"3(VVRa5)} + 404V, F* = GH
Where
Dyve = gW/g’W(V/\R“;XU),
ValH = /’;\ + r’;l’/” — covariant derivative.
_05m
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Field equations Il
Tensor equation (9g.3)
201{8™ (877877 (Vo VARG o)+
+g’8ﬁ/gml(vakaa5wa' - gwlgml(vavx\ Raaw@”)) }+
+a2{g"'g" g (VaVarRaw) + £°'8" 8" (V. Vs Rr) -
—g" g g (V, V. Rup) — 8" & g**(V,Vx Ryw)}+
+2a3 { (82" — g0 g g (Vo Vg RW)}—
—2{aRR,, 7~ aa(RR™ + 2RI, 4 2F°F, P4

*50‘3R(R“5 + RP) + auF FP — gg“ﬁﬁw} = 57&5



Il. Perfect fluid

Perfect fluid in Riemannian geometry (J.R. Ray, 1972):

Sm = —/5(X, n)v/—gd*x + /)\o(uuu“ —1)y/—gd*x

+//\1(nu“);u\/—7gd4x+ //\QX,MU‘“\/—igdLlX

Dynamical variables:

n(x) — invariant particle number density,
ut(x) — four-velocity vector,

X(x) — auxiliary variable,

Ai(x) — Lagrange multipliers,

e(X,n) — invariant energy density



Equations of motion

on: —gi—)\l,#u"zo
out : 2Xu" — Ay, + XX, =0
X : _85’)6( —(Mut)., =0
Constraints:
oXo: wtu,—1=0 — four-velocity
A1t (nu*).,, =0 — particle number conservation
0o : Xy ut =0 — trajectory numbering

Energy-momentum tensor

oguy . TH =egh” =2 ou"u” + nAy ou”g""



Oe
Ny = —nee
Ao n@n

Hydrodynamical pressure p:
Oe
p=ng_—¢ =
(e+p)uy +nAi, — XX, = Euler equation
T = (e + p)utu” — pgh”
Perfect fluid — dust — single particle
Single particle in the given gravitational field

Dynamical variable: x*(7) — particle trajectory, 7 — proper time



Riemannian geometry

The only invariant — the interval, s, along the trajectory =
(everybody knows)

dx“ dxl’
Spart = ds=—-m g (x T

m — particle mass

0Spart = 0 = “shortest” interval = geodesics
d (x )dx“ 1 dxt dx”
dr BurlX dr 2g’“/’)‘ dr dr
dxt ’ .
—— = u" — four-velocity vector =
dr
v 1 oW, vV
Uy u —ng,)\u =0 =
uy,u” =0 = geodesics

(up., v’ v = 0)



Weyl geometry

A, — yet another invariant (!)

B=Au" =

Spart :/fl(B)ds+/f2(B)dT :/{ fi(B)\/guutu’+ f(B) tdt

Equations of motion

fruy, ut = ((ﬂ” + )AL - ﬁlUA)> Buut + (fy + fy) Fauu®

A _
FA/L = AM/\ — A)\_’/,,. FA/1,U ut =0

u,\;gu’\ =0 =
Either

(f +f)B—f =0
or

B,u" =0



Perfect fluid in Weyl geometry

How to insert the interaction with the Weyl vector = A" into the
perfect fluid Lagrangian?

Sm=— /5(X, n)v/—gd*x + /)\o(uﬂu“ —1)v/—g d*x

Evidently, the new invariant B ,u" is tightly linked to the particle
number density n. Hence it is natural to make the replacement

n — @(B)n = e=¢(X,Z), Z=p(B)n(x)

And how about the particle number conservation law, (nu*)., = 07
Lyrical digression:

/(nu“);w/—gdd'x = /(nu“)’#d‘lx + /nu”\/—gdS,L
Q Q >

Let ¥ = i, + Xout+ reflecting walls,
Yin: t =ty = const, You: t = tour = const, then



Perfect fluid in Weyl geometry ||

/nu“\/—gdS = / n\ffyd3x — /n\f’yd3x = Nyut — Nip
by

t=tout t=tin
(nu#);u =0 = Nout = Nin =

No particle creation in between!

Quadratic gravity — conformal anomaly in quadratic field theory
— vacuum polarization.

Physical vacuum is not absolutely empty, it is filled with the virtual
particles, some of them are ready to become the real ones —
particle creation. In the absence of the classical fields
(electromagnetic, scalar,...) they are created from the vacuum
itself. i.e., by the geometry.

(nu*)., =0 = (nu"),, = ®(inv).



Conformal transformation

A s
= —, /g =0/
T Y T
(nu*).v/—g = (nu
Conformal invariance ! =
& = o) R¥AT + ahRIY + 4R + alyFpu FH

2N

®,/—g is conformal invariant.

The matter action integral S, becomes now

Sm=— /a(X,go(B)n)\/% d*x + /)\o(uuu“ —1)y/—gd*x

+ / M (1(B)nut), — &(B, n) V=g d*x+ / MoX it g d*x

and equations of motion take the form



Equations of motion |

(e + ) 2{5) (Buy — A) = (e + )iy — nhau + 2o X =0
—(%( - (>\2UM);u =0

with the constraints

uut —1=0
(nu*),, — ®(inv) =0

X, ut =0

Besides, there appeared the current vector G* et —0Sm/0A,. It
consists of contributions from both energy density, ¢ — G*[part],
and creation law, ®(inv) — G*[cr]. The former one is easily

calculated,
/

G*[part] = %(a + p)u.



Equations of motion Il

while the latter requires some time and efforts. The Result is
G'u[Cl"] = _20/1gm7gm5{2vn(>\1R06) - VR(AlFOﬂ)}

—hg" g™ {2V . (M Rys) + Vo (A Res)}
—60538"7 8"V 5 (M Rus) + 4oy (AL F""),,

The energy momentum tensor is also changed. We will write down
here only T#”[part]:

/

FH[part] = (g + p) (1 — BSO) uu” — pgh”
¥

The creation part, T/[cr], is too lengthy and non-observable. We
will show it in the next Section, for cosmological space-times.



Cosmology = homogeneity and isotropy =
Robertson-Walker metric — what is it?
3-dim space
Euclidean space (flat) =
di? = dx? 4 dy? + dz? = dr? + r?(d6? + sin® d?)
r’> = x>+ y? 4+ z> — center — at any point
Curved Space = center at any point (homogeneity),
spherical coordinates (isotropy)
di? = f(r)dr? + r?(d6? + sin? 0dp?)

def .
r = radius of a sphere

Let us assume 3-dim geometry is Riemannian
(to be justified below) =-
3-dim curvature scalar, K, must be constant (homogeneity)

K=Ky



2f’ 2 1
— 2<1—> = Ko = const =

rf? f
f 6 + r
r =0 — singular point. Homogeneity — no singular points

— Ki; = 0. Rescaling r (Ko #0) =

d 2
di? = 22(t) <1rk2 + r2(d6? + sin? 9d¢2)> , k=01
— kr
4-dim metric: unique cosmological time (homogeneity)
2
1 — kr2

ds? = dt® — a*(t) ( + r?(d6? + sin? 9d<,02)>

a(t) — scale factor



Riemannian geometry: Quadratic gravity

Lo =aC?+~vR? + auR + asA

For any scale factor a(t) the Weyl tensor C,,,\, is identically zero.
We are left with the Starobinsky model.
Conformal invariance =

There are no non-vacuum (T} #= 0) cosmological solutions

in the conformally invariant Riemannian gravitational theory!



Weyl geometry

Why conformal invariant cosmology?
Creation of the universe from “nothing”
(quantum tunneling)

A.A. Friedmann (1923)

A.V. Vilenkin (1984)

Ya.B. Zel'dovich

S.W. Hawking

Creation probability
P ~ efstot

Siot — total action integral under the potential barrier,

Stot - Sgrav + Smatter

Universe is created being empty — Spatter =0 =

The smaller Sy, the better.

The more symmetry, the smaller Sy.4 .

G.'tHooft, R.Penrose — the fundamental principle of Nature



Homogeneity and isotropy

a(t)v AM(X) = (A(t)>070a0) = Ao(t) = F/W =0
T, =(T5.T{ = T3 = T3) = T;/(t)
Gauge fixing

O ds? = dt2 — 2(t) (1df,f2 + r2(d«92+sin20dgo2)> -
= dt? — a%(t)vy;dx dx) = 2%(n)(dn? — y;dx'dx)) =
= Q2(n)4%(n )(d77 — y;dx'dx?), n — “conformal time”
Gauge fixing = 4(n) = 1.
Not very interesting: how to compare with the observations?
(the cosmological time t depends on he choice of Q(7))

Q Ao(t) = A(t) = A(t) + &
Gauge fixing = A(t)=0 = B=0
Advantage: all the functions of B are converted into the set of

some constants. The solution in such a gauge we call “basic
solution”. For brevity, in what follows we will omit the “hats”.




Cosmological field equations

We are not allowed to put A = 0 straight in the Lagrangian
because A # 0
Hence, one should extract the 0A,-variation:

GHler] = =40 (MRyuk)i—al (2(MR*). — (MR)™)—605(AR)*

= —2(20] + a5)(MR"™);x — () + 603) (A1 R)*
= —2(2a] + a5) A1 RM — (0 +6a5) A R —2(ay 4+ ah + 3a5) \ R

Due to the very high level of symmetry in cosmology one has,
inevitably,

A = )\1(1’)

R = R{(t), R® =0, R = R(t), RV = Rig¥,

Ri = (1/3)(R - Ry)

G =(G(t),0,0,0)



G'[cr] = 0 (check!)
GOler] = —2(2a) +ah) A1 RS — (o +605) A R—2(ay + b +305) M\ R

In our special gauge (A = 0) we are dealing, essentially, with
Riemannian geometry, and one can rewrite the gravitational
Lagrangian in the following way

Lw = a1Ruae R + anR R™ + a3R? + agFp FM

= aC? + BGB + vR?
C? = Cuvro CHVAT, Cuvre — Weyl tensor = completely traceless
part of the curvature tensor R, )\,

1 1
Cw/)\a = R,ul/)\a - ER/L)\gl/a + ER/.LO'gI/)\

1 1 1
+§RV)\R/LO' - ERI/O'R,U)\ + =

6 R(gu)\guc - guagzl)\)



1
C? = Runo R* — 2R, R™ + §R2
GB — Gauss-Bonnet term,
GB = R, R"* — 4R, R™ + R?

In 4-dim GB is the full derivative and does not affect the field
equations.
It is easy to calculate the coefficients «, 8 and ~y

a+f=m
_204_462042
ja+B+y=as

200 + ap =20, ag + 6a3 = 2(5 + 37).
We get for GO:

G'ler] = 48A1RS — 2(B8 4 37)MR — 69\1R

« does not enter at all, since Weyl tensor is identically zero for any
homogeneous and isotropic space-time.



To obtain the left-hand-sides of the gravitational equations one

should simply put A1 = 1 and erase “primes” in the expressions for
G*[cr] and TH[cr].

Note that in cosmology we need to know only 79 = T(? and
T = TraceTH, since T% =0 and TV = Tllg’j,
TH=(1/3)(T — T9). Thus,

T = T[part] + T|cr]
T[part] =e—3p
Tler] = M(88'RS — 48R — 127/ R)

—4h (5’3(R +2R5) +67'R + 9'/ZR> — 1207/ (R+ 33R)
79 = T[part] + T[cr]
To[part] = ¢
Toler] = SW’MSRS — 48 + 37’)§\1§R

—'\ <122R + R(4RY — R)>



Gravitational cosmological equations

Vector: _
—67R = G°

Tensor: _
—y (12?’? + R(4RY — R)> =7
. a
Self-consistency condition

(6%a%)
23

2 =To+3T{ =T

It is quite clear that the self-consistency condition is just the
consequence of the vector and trace equations. At last, let us write
down the expressions for the (8)—component of Ricci tensor and
the scalar curvature in terms of the scale factor a(t)



p
RS = 3%
0 a

.. .2 k
R:—6<a+a s ) k=0,+1
a a

How about the equations of motion for the cosmological perfect

fluid?
We are left with only one equation plus the law of the particle

creation, namely

= _cte
n33 ) ! .
(:_;—3) = ®(inv)

4
®(inv) = —§B’R8(2R8 —R)++'R?



Creation of the universe from nothing

Empty from the very beginning
Vacuum is not absolute, but physical
May or may not it persists?
“Pregnant” vacuum

S(inv) =0, |5+ [Y|#0
4
3/ RO(2Ry — R) = +/R?
GOpart] = TQ[part] = T[part] =0

n=20
)'\1:f€+p
n

@ Non-dust matter
A =0 = )\ = const
@ Dust matter

A= —¢(0) =const = A= —¢(0)(t — to)



Non-dust pregnancy |
General case: ', 7 #0
A1 = const
R=¢R =
(376> +45'(§ —2))R) =0
—6(y =7 A1)R =0

Ra)
—12( — 'y')\l)( = ) =0

—(y —~'\1) {123/'? +R(R — 4R8)} =0

Let, first, v #4'\1 = R=0
Either R=0 = RJ =0 = Milne universe
Or £ =4 = de Sitter for 5+ 67" =0



Non-dust pregnancy Il

General case: 3/, + #0
v=7"M
It is not a special condition, but the solution A;
P+ k= Gat?

Instability and so on...



Dust pregnancy

M=—-00)(t—t) = M=-6<0, A =0

Surely, there exists the solution with R = Rg =0, i.e., Milne
universe.

It can be shown that the only other solution is just the de Sitter
universe, with £ = 4 (R, R§ = const) for 3’ + 6+ = 0.

If it is not so, the universe emerging from the vacuum foam, like
Aphrodite, immediately starts to produce dust particles !!!

The End



