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Weyl Geometry

The gauge invariance of the classical electrodynamics is translated
into the local conformal invariance of the curvature tensor, Rµνλσ,
Ricci tensor Rµν and strength tensor Fµν :

Rµνλσ = R̂µνλσ

Rµν = R̂µν

Fµν = F̂µν .

Here Fµν = Aν,µ −Aµ,ν , ”hat”, ”̂ ”, means — ”confomally transformed”;
Local conformal transformation:

ds2 = gµνdx
µdxν = Ω2(x)dŝ2 = Ω2(x)ĝµνdx

µdxν .

Ω(x) — conformal factor
We will consider Aµ not as an electromagnetic potential (like Hermann
Weyl did), but as some part (vector one) of the Weyl geometry.

This is the “Weyl Geometry”



I. Conformal invariant gravity

Electromagnetic equations are conformal invariant (H.Weyl).

Hermann Weyl claims:

In the unified theory gravitational equations should be conformal
invariant.

Quadratic gravity — why?
1 Most natural in constructing conformal invariant action

integral (Lagrangian) in 4-dim

2 Appears in the trace anomaly formulas for one-loop quantum
calculations:
A.D. Sakharov’s induced gravity (1966)
Ya.B. Zel’dovich and A.A. Starobinsky
L. Parker and S. Fulling
A.A. Grib, S.G. Mamaev, V.M. Mostepanenko
. . .



SW =

∫
LW
√
−g d4x

LW = α1RµνλσR
µνλσ + α2RµνR

µν + α3R
2 + α4FµνF

µν

Its counterpart in Riemannian geometry:

L2 = α1RµνλσR
µνλσ +α2RµνR

µν +α3R
2 +α4R +α5Λ (Aµ = 0)

can be rewritten as

L2 = αCµνλσC
µνλσ + βGB + γR2 + α4R + α5Λ

α = 2α1 +
1

2
α2, β = −α1 −

1

2
α2, γ =

1

3
(α1 + α2 + 3α3)

Cµνλσ — Weyl tensor
(completely traceless part of the curvature tensor)

Cµνλσ = Rµνλσ −
1

2
(Rµλgνσ − Rνσgµλ+

+Rµσgνλ − Rνλgµσ) +
1

6
R(gµλgνσ − gµσgνλ)



Gauss-Bonnet term

GB = RµνλσR
µνλσ − 4RµνR

µν + R2

In 4-dim GB — full derivative, does not affect field equations

Conformal invariance

Cµνλσ = Ĉµνλσ ⇒ C 2√−g = Ĉ 2
√
−ĝ ⇒

the only term in L2 left.



Total action

Stot = SW + Sm

Important! The action integral for the matter fields, Sm, does not
need to be conformal invariant, but its variation, δSm, does.

δSm = −1

2

∫
Tµν(δgµν)

√
−g d4x −

∫
Gµ(δAµ)

√
−g d4x

+

∫
∂LW
∂ψ

(δψ)
√
−g d4x = 0

ψ — collective dynamical variable describing the matter
fields, δSmδψ = 0:

δSm
δΩ

= 0 ⇒ ?



Total action II

Let

δgµν = 2Ωĝµν(δΩ) = 2gµν
δΩ

Ω

δAµ = 2δ

(
Ω,µ

Ω

)
= 2δ(log Ω),µ = 2(δ(log Ω)),µ = 2

(
δΩ

Ω

)
,µ

Then,

0 = −
∫
Tµνgµν

(
δΩ

Ω

)√
−g d4x − 2

∫
Gµ

(
δΩ

Ω

)
,µ

√
−g d4x ⇒

2Gµ
;µ = TraceTµν

This is the self-consistency condition (consequence of field
equations).



Field equations I

Vector equation (δAµ)

2α1

{
D µσ
σ +D σµ

σ −Dµσσ
}

+

α2

{
gµµ

′
gνν

′∇ν(3Rµ′ν′ + Rν′µ′)− gαβgλµ(∇λ3Rαβ)
}

+

2α3

{
− 3gµνgαβ(∇νRαβ)

}
+ 4α4∇νFµν = Gµ

Where
Dµνσ = gµµ′g

λλ′(∇λRµ
′

νλ′σ),

∇λlµ = lµλ + Γµλν l
ν — covariant derivative.

Gµ – ? Gµ def
= −δSm

δAµ



Field equations II

Tensor equation (δgαβ)

2α1

{
gλλ

′(
gββ

′
gσσ

′
(∇σ∇λRαβ′λ′σ′)+

+gββ
′
gσσ

′
(∇σ∇λRαβ′λ′σ′ − gαα

′
gββ

′
(∇σ∇λRσα′λ′β′′)

)}
+

+α2

{
gαα

′
gββ

′
gνν

′
(∇α∇α′Rβ′ν′) + gαα

′
gνν

′
gββ

′
(∇ν∇α′Rν′β′)−

−gνν′gαα′gββ′(∇ν∇ν′Rα′β′)− gνν
′
gλλ

′
gαβ(∇ν∇λRν′λ′)

}
+

+2α3

{
(gαα

′
gββ

′ − gαβgα
′β′)gµµ

′
(∇α′∇β′Rµµ′)

}
−

−2
{
α1R

µνλαR β
µνλ − α2(RανR

βν + 2RβµF α
µ + 2FαµF β

µ )+

+
1

2
α3R(Rαβ + Rβα) + α4F

α
νF

βν − 1

4
gαβLW

}
=

1

2
Tαβ



II. Perfect fluid

Perfect fluid in Riemannian geometry (J.R. Ray, 1972):

Sm = −
∫
ε(X , n)

√
−g d4x +

∫
λ0(uµu

µ − 1)
√
−g d4x

+

∫
λ1(nuµ);µ

√
−g d4x +

∫
λ2X,µu

µ√−g d4x

Dynamical variables:
n(x) — invariant particle number density,
uµ(x) — four-velocity vector,
X (x) — auxiliary variable,
λi (x) — Lagrange multipliers,
ε(X , n) — invariant energy density



Equations of motion

δn : −∂ε
∂n
− λ1,µu

µ = 0

δuµ : 2λ0u
µ − nλ1,µ + λ2X,µ = 0

δX : − ∂ε
∂X
− (λ2u

µ);µ = 0

Constraints:

δλ0 : uµuµ − 1 = 0 — four-velocity

δλ1 : (nuµ);µ = 0 — particle number conservation

δλ2 : X,µu
µ = 0 — trajectory numbering

Energy-momentum tensor

δgµν : Tµν = εgµν − 2λ0u
µuν + nλ1,σu

σgµν



2λ0 = −n ∂ε
∂n

Hydrodynamical pressure p:

p = n
∂ε

∂n
− ε ⇒

(ε+ p)uµ + nλ1,µ − λ2X,µ ⇒ Euler equation

Tµν = (ε+ p)uµuν − pgµν

Perfect fluid → dust → single particle

Single particle in the given gravitational field

Dynamical variable: xµ(τ) – particle trajectory, τ – proper time



Riemannian geometry
The only invariant — the interval, s, along the trajectory ⇒
(everybody knows)

Spart = −m
∫
ds = −m

∫ √
gµν(x)

dxµ

dτ

dxν

dτ
dτ

m — particle mass

δSpart = 0 ⇒ “shortest” interval = geodesics

d

dτ

(
gµλ(x)

dxµ

dτ

)
− 1

2
gµν,λ

dxµ

dτ

dxν

dτ
= 0

dxµ

dτ
= uµ — four-velocity vector ⇒

uλ,νu
ν − 1

2
gµν,λu

µuν = 0 ⇒

uλ;νu
ν = 0 = geodesics

(uλ;νu
νuλ ≡ 0)



Weyl geometry

Aµ → yet another invariant (!)

B = Aµu
µ ⇒

Spart =

∫
f1(B)ds+

∫
f2(B)dτ =

∫
{ f1(B)

√
gµνuµuν+ f2(B)}dτ

Equations of motion

f1uλ;µu
µ =

(
(f
′′

1 + f
′′

1 )Aλ − f
′

1uλ)
)
B,µu

µ + (f
′

1 + f
′

2 )Fλµu
µ

Fλµ = Aµ,λ − Aλ,µ. Fλµu
λuµ ≡ 0

uλ;σu
λ ≡ 0 ⇒

Either
(f
′′

1 + f
′′

1 )B − f
′

1 = 0

or
B,µu

µ = 0



Perfect fluid in Weyl geometry
How to insert the interaction with the Weyl vector = Aµ into the
perfect fluid Lagrangian?

Sm = −
∫
ε(X , n)

√
−g d4x +

∫
λ0(uµu

µ − 1)
√
−g d4x

Evidently, the new invariant B,µu
µ is tightly linked to the particle

number density n. Hence it is natural to make the replacement

n → ϕ(B)n ⇒ ε = ε(X ,Z ), Z = ϕ(B)n(x)

And how about the particle number conservation law, (nuµ);µ = 0?
Lyrical digression:∫

Ω

(nuµ);µ
√
−gd4x =

∫
Ω

(nuµ),µd
4x +

∫
Σ

nuµ
√
−gdSµ

Let Σ = Σin + Σout+ reflecting walls,
Σin: t = tin = const, Σout: t = tout = const, then



Perfect fluid in Weyl geometry II

∫
Σ

nuµ
√
−gdSµ =

∫
t=tout

n
√
γd3x −

∫
t=tin

n
√
γd3x = Nout − Nin

(nuµ);µ = 0 ⇒ Nout = Nin ⇒

No particle creation in between!
Quadratic gravity → conformal anomaly in quadratic field theory
→ vacuum polarization.
Physical vacuum is not absolutely empty, it is filled with the virtual
particles, some of them are ready to become the real ones →
particle creation. In the absence of the classical fields
(electromagnetic, scalar,...) they are created from the vacuum
itself. i. e., by the geometry.

(nuµ);µ = 0 ⇒ (nuµ);µ = Φ(inv).

Φ — ?



Conformal transformation

n =
n̂

Ω3
, uµ =

ûµ

Ω
,
√
−g = Ω4

√
−ĝ ⇒

(nuµ);µ
√
−g = (nuµ),µ = (n̂ûµ),µ

√
−ĝ

Conformal invariance ! ⇒

Φ = α′1R
µνλσ
µνλσ + α′2R

µν
µν + α′3R

2 + α′4FµνF
µν

Φ
√
−g is conformal invariant.

The matter action integral Sm becomes now

Sm = −
∫
ε(X , ϕ(B)n)

√
−g d4x +

∫
λ0(uµu

µ − 1)
√
−g d4x

+

∫
λ1 ((ϕ1(B)nuµ);µ − Φ(B, n))

√
−g d4x+

∫
λ2X,µu

µ√−g d4x

and equations of motion take the form



Equations of motion I


(ε+ p)ϕ

′(B)
ϕ(B) (Buµ − Aµ)− (ε+ p)uµ − nλ1,µ + λ2X = 0

− ∂ε
∂X − (λ2u

µ);µ = 0

with the constraints 
uµu

µ − 1 = 0
(nuµ);µ − Φ(inv) = 0
Xµu

µ = 0

Besides, there appeared the current vector Gµ def
= −δSm/δAµ. It

consists of contributions from both energy density, ε — Gµ[part],
and creation law, Φ(inv) — Gµ[cr]. The former one is easily
calculated,

Gµ[part] =
ϕ′

ϕ
(ε+ p)uµ.



Equations of motion II

while the latter requires some time and efforts. The Result is

Gµ[cr] = −2α′1gµσgκδ{2∇κ(λ1Rσδ)−∇κ(λ1Fσδ)}

−α′2gµσgκδ{2∇κ(λ1Rσδ) +∇σ(λ1Rκδ)}

−6α′3g
µσgκδ∇σ(λ1Rκδ) + 4α′4(λ1F

νµ);ν

The energy momentum tensor is also changed. We will write down
here only Tµν [part]:

Fµν [part] = (ε+ p)

(
1− B

ϕ′

ϕ

)
uµuν − pgµν

The creation part, Tµν [cr], is too lengthy and non-observable. We
will show it in the next Section, for cosmological space-times.



Cosmology = homogeneity and isotropy ⇒
Robertson-Walker metric — what is it?

3-dim space

Euclidean space (flat) ⇒

dl2 = dx2 + dy2 + dz2 = dr2 + r2(dθ2 + sin2 θdϕ2)

r2 = x2 + y2 + z2 — center — at any point

Curved Space ⇒ center at any point (homogeneity),
spherical coordinates (isotropy)

dl2 = f (r)dr2 + r2(dθ2 + sin2 θdϕ2)

r
def
= radius of a sphere

Let us assume 3-dim geometry is Riemannian
(to be justified below) ⇒
3-dim curvature scalar, K , must be constant (homogeneity)

K = K0



2f ′

rf 2
+

2

r2

(
1− 1

f

)
= K0 = const ⇒

1

f
= 1− K0

6
r2 +

K1

r

r = 0 — singular point. Homogeneity → no singular points
→ K1 = 0. Rescaling r (K0 6= 0) ⇒

dl2 = a2
0(t)

(
dr2

1− kr2
+ r2(dθ2 + sin2 θdϕ2)

)
, k = 0,±1

4-dim metric: unique cosmological time (homogeneity)

ds2 = dt2 − a2(t)

(
dr2

1− kr2
+ r2(dθ2 + sin2 θdϕ2)

)
a(t) — scale factor



Riemannian geometry: Quadratic gravity

L2 = αC 2 + γR2 + α4R + α5Λ

For any scale factor a(t) the Weyl tensor Cµνλσ is identically zero.

We are left with the Starobinsky model.

Conformal invariance ⇒

There are no non-vacuum (Tµ
ν 6== 0) cosmological solutions

in the conformally invariant Riemannian gravitational theory!



Weyl geometry

Why conformal invariant cosmology?
Creation of the universe from “nothing”
(quantum tunneling)
A.A. Friedmann (1923)
A.V. Vilenkin (1984)
Ya.B. Zel’dovich
S.W. Hawking

Creation probability
P ∼ e−Stot

Stot — total action integral under the potential barrier,
Stot = Sgrav + Smatter

Universe is created being empty → Smatter = 0 ⇒
The smaller Sgrav, the better.
The more symmetry, the smaller Sgrav.
G.’tHooft, R.Penrose — the fundamental principle of Nature



Homogeneity and isotropy

a(t), Aµ(x) = (A(t), 0, 0, 0)⇒ A0(t)⇒ Fµν = 0

T ν
µ = (T 0

0 ,T
1
1 = T 2

2 = T 3
3 ) = T ν

µ (t)

Gauge fixing

1 ds2 = dt2 − a2(t)
(

dr2

1−kr2 + r2(dθ2 + sin2 θdϕ2)
)

=

= dt2 − a2(t)γijdx
idx j = a2(η)(dη2 − γijdx idx j) =

= Ω2(η)â2(η)(dη2 − γijdx idx j), η — “conformal time”
Gauge fixing ⇒ â(η) = 1.
Not very interesting: how to compare with the observations?
(the cosmological time t depends on he choice of Ω(η))

2 A0(t) = A(t) = Â(t) + 2Ω̇
Ω

Gauge fixing ⇒ Â(t) = 0! ⇒ B = 0
Advantage: all the functions of B are converted into the set of
some constants. The solution in such a gauge we call “basic
solution”. For brevity, in what follows we will omit the “hats”.



Cosmological field equations

We are not allowed to put A = 0 straight in the Lagrangian
because δA 6= 0
Hence, one should extract the δAµ-variation:

Gµ[cr] = −4α′1(λ1Rµκ);κ−α′2 (2(λ1R
µκ);κ − (λ1R);κ)−6α′3(λ1R);µ

= −2(2α′1 + α′2)(λ1R
µκ);κ − (α′2 + 6α′3)(λ1R);µ

= −2(2α′1 +α′2)λ1;κR
µκ−(α′2 +6α′3)λ;µ

1 R−2(α′1 +α′2 +3α′3)λ1R
;µ

Due to the very high level of symmetry in cosmology one has,
inevitably,
λ1 = λ1(t)
R00 = R0

0 (t), R i0 = 0, R = R(t), R ij = R1
1g

ij ,
R1

1 = (1/3)(R − R0
0 )

Gµ = (G 0(t), 0, 0, 0)



G i [cr] = 0 (check!)

G 0[cr] = −2(2α′1+α′2)λ̇1R
0
0−(α′2+6α′3)λ̇1R−2(α′1+α′2+3α′3)λ1Ṙ

In our special gauge (A = 0) we are dealing, essentially, with
Riemannian geometry, and one can rewrite the gravitational
Lagrangian in the following way

LW = α1RµνλσR
µνλσ + α2RµνR

µν + α3R
2 + α4FµνF

µν

= αC 2 + βGB + γR2

C 2 = CµνλσC
µνλσ, Cµνλσ — Weyl tensor = completely traceless

part of the curvature tensor Rµνλσ

Cµνλσ = Rµνλσ −
1

2
Rµλgνσ +

1

2
Rµσgνλ

+
1

2
RνλRµσ −

1

2
RνσRµλ +

1

6
R(gµλgνσ − gµσgνλ)



C 2 = RµνλσR
µνλσ − 2RµνR

µν +
1

3
R2

GB — Gauss-Bonnet term,

GB = RµνλσR
µνλσ − 4RµνR

µν + R2

In 4-dim GB is the full derivative and does not affect the field
equations.
It is easy to calculate the coefficients α, β and γ

α + β = α1

−2α− 4β = α2
1
3α + β + γ = α3

2α1 + α2 = 2β, α1 + 6α3 = 2(β + 3γ).
We get for G 0:

G i [cr] = 4βλ̇1R
0
0 − 2(β + 3γ)λ̇1R − 6γλ1Ṙ

α does not enter at all, since Weyl tensor is identically zero for any
homogeneous and isotropic space-time.



To obtain the left-hand-sides of the gravitational equations one
should simply put λ1 ≡ 1 and erase “primes” in the expressions for
Gµ[cr] and Tµν [cr].
Note that in cosmology we need to know only T 00 = T 0

0 and
T = TraceTµν , since T 0i = 0 and T ij = T 1

1 g
ij ,

T 1
1 = (1/3)(T − T 0

0 ). Thus,

T = T [part] + T [cr]

T [part] = ε− 3p

T [cr] = λ̈1(8β′R0
0 − 4β′R − 12γ′R)

−4λ̇1

(
β′
ȧ

a
(R + 2R0

0 ) + 6γ′Ṙ + 9γ′
ȧ

a
R

)
− 12λ1γ

′(R̈ + 3
ȧ

a
R)

T 0
0 = T 0

0 [part] + T 0
0 [cr]

T 0
0 [part] = ε

T 0
0 [cr] = 8γ′λ̇1

ȧ

a
R0

0 − 4(β′ + 3γ′)λ̇1
ȧ

a
R

−γ′λ1

(
12

ȧ

a
Ṙ + R(4R0

0 − R)

)



Gravitational cosmological equations

Vector:
−6γṘ = G 0

Tensor:

−γ
(

12
ȧ

a
Ṙ + R(4R0

0 − R)

)
= T 0

0

−12γ

(
R̈ + 3

ȧ

a
R

)
= T

Self-consistency condition

2
(G 0a3)̇

a3
= T 0

0 + 3T 1
1 = T

It is quite clear that the self-consistency condition is just the
consequence of the vector and trace equations. At last, let us write
down the expressions for the

(
0
0

)
-component of Ricci tensor and

the scalar curvature in terms of the scale factor a(t)



R0
0 = −3

ä

a

R = −6

(
ä

a
+

ȧ2 + k

a2

)
, k = 0,±1

How about the equations of motion for the cosmological perfect
fluid?
We are left with only one equation plus the law of the particle
creation, namely {

λ̇1 = − ε+p
n

(na3 )̇
a3 = Φ(inv)

Φ(inv) = −4

3
β′R0

0 (2R0
0 − R) + γ′R2



Creation of the universe from nothing

Empty from the very beginning
Vacuum is not absolute, but physical
May or may not it persists?
“Pregnant” vacuum

Φ(inv) = 0, |β′|+ |γ′| 6= 0

4

3
β′R0

0 (2R0
0 − R) = γ′R2

G 0[part] = T 0
0 [part] = T [part] = 0

n = 0

λ̇1 = −ε+ p

n
⇒

1 Non-dust matter
λ̇1 = 0 ⇒ λ1 = const

2 Dust matter
λ̇1 = −φ(0) = const ⇒ λ1 = −φ(0)(t − t0)



Non-dust pregnancy I

General case: β′, γ′ 6= 0

λ1 = const

R = ξR0
0 ⇒

(3γ′ξ2 + 4β′(ξ − 2))R0
0 = 0

−6(γ − γ′λ1)Ṙ = 0

−12(γ − γ′λ1)
(Ṙa3)̇

a3
= 0

−(γ − γ′λ1)

{
12

ȧ

a
Ṙ + R(R − 4R0

0 )

}
= 0

Let, first, γ 6= γ′λ1 ⇒ Ṙ = 0
Either R = 0 ⇒ R0

0 = 0 ⇒ Milne universe
Or ξ = 4 ⇒ de Sitter for β + 6γ′ = 0



Non-dust pregnancy II

General case: β′, γ′ 6= 0
γ = γ′λ1

It is not a special condition, but the solution λ1

ȧ2 + k = C0a
4

ξ−2

Instability and so on...



Dust pregnancy

λ1 = −φ(0)(t − t0) ⇒ λ̇1 = −φ < 0, λ̈1 = 0

Surely, there exists the solution with R = R0
0 = 0, i. e., Milne

universe.

It can be shown that the only other solution is just the de Sitter
universe, with ξ = 4 (R, R0

0 = const) for β′ + 6γ′ = 0.

If it is not so, the universe emerging from the vacuum foam, like
Aphrodite, immediately starts to produce dust particles !!!

The End


