Kapteyn type-Il series’ for

synchrotron radiation problem

Pavel Spirin

Moscow State U.

21st Lomonosov Conference
August 24-30, 2023, Moscow, RF

Kapteyn type-I| series’ for synchrotron radiation problem



Table of contents

Content:

e Synchrotron radiation in even spacetime
dimensions

o Harmonic analysis

o Special family of Kapteyn type-Il series’
o Even-indexed Kapteyn type-Il series’

o Marshall's G-functions

o General scheme

o Initial odd-indexed Kapteyn type-II series’
o Asymptotic expansions and interpolations

e Conclusions



Synchrotron radiation in even spacetime dimensions

Recurrence for LW potentials:

4 1 A—1 5 A
Recurrence for the radiation prepotentials:
) 7~—1 L

Radiative EMT and radiative force:
SD72

emit J emit

Synchrotron frequencies:
€DH €DH
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Synchrotron radiation in even spacetime dimensions

Intensivity:
I = dEemit _ (t(init
o dt v
Results: )
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Leading power:
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Doubly-logarithmic-mode plot ( v, = v)
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Plots of electromagnetic synchrotron radiation rate versus . in doubly
logarithmic mode for D = 4 (red, solid), D =6 ( ) and
D = 8 (black, dashdotted), in units ¢ = wy = 1
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Harmonic analysis

Discrete frequencies and wavevectors:
Wy = MW , kb =wm(l,n).

Radiation formulae'

d [ I o - D-2 ]m< )‘2
R D D a3

where currents
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(k) ) 2my ez () |

Polarisations (vector field):
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Special family of Kapteyn type-II series’

Symbolically
SP=2 — Slcosf x SP~*sinh

Angular distribution:

d [Ie Do —2J2 (mwv cos ) 1
{ em} Cszlm { v2J! 2(mv cos 0) + tg260 J2 ( mJ
where veos )]

/wa2 D746

cos 6 sin

= T (5

Kapteyn series' (z =wvcosf < 1):

Zm J2 (mz) Dy(z) = ZmAJ,’nQ(mz)

m=1 m=1
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Even index

A = 2 [Schott'1912]:
P4+ Do — 4 4 327
T 21— 22)72 2 21(1 — 22)5/2
A = 4 [Tautz, Lerche’ 2007]:

2%(64 + 59222 4 4722" + 272°
Cu(z) = : 28(1 _+22>13/2 :

Generic even A = 2s [Dominici’ 2011]:

1 (0% 1 sh’t ,
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Schematically,
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Marshall’'s G-functions

[Marshall'1979]
o0 1 9 9
Ga(2) = 3 2l () + = (n2))

z
Recurrence for GG: ,
1 d z

) = (2 2)

2(2) 2zdz 1 — 22 25-1(2)

Initial even-indexed G :
o0

2 u sin
Gol2) = _/ usin“u .
) (u? — 2% sin’u) 32

0
Relation with C' and D:

1— 22
Gos = 2< 5— Cos1 + Dz,sw)

z
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General scheme

Relation D via C'

z

1— 22 2
Dy (z) = = Ci(2) + = rCh(z)dz .
0
Relation C via D z ‘
2 2 ~
0

Inhomogeneous ODE:

1

(1= 2%) Gy (2) = 2 Casa(2) = 7 [PGias(2)]

Solution of C via G-

22Gos(2 1 3dx
Cos—1(2) = 2(2) — 37 Gos()

A1—22) Wi-2) (1—a22)




Introducing A = v ?sin’u, Z = 2>

o0

1 duAd [2—ZA(1+ A) 2
or (1—A)2[ (1 — ZA)3/2 _m}

0
Another repres.:

Ci(z) = —

01<Z> =
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Corresponding solution for D;:

1 —2u cos 2u + sin 2u
Di(z) = E/ 32

U
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11—n] | 2u — sin 2
Co(z) = L n N u—sin2u
Am P (u? — ,éQSanU)S/Q
0

o — 0" and o/ — 0o as — 0. In fact, « = /7

For Lq:
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Typical integrals:
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Asymptotic expansion (7 := v1 — 22 < 1)

For Ls:
= R+ DN o [ Qu—sin2u)du o,
= kzo (—1)k2kE! ! (u? — sin?u)mg/2 e
Final:
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Approximations

Relative errors for four approximations of C versus Z = z2. The best
one ( ) has maximal relative error 9.241 - 10~°
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Conclusions

o The general scheme for the integral
representations Cos. 1 and Dogyq

o Concrete integral representations C'; and D,
Asymptotic regimes
Interpolations of C (rel.10™%) and Dy (rel.1073)

o Recurrence relations on Cy, 1 and Dogiq

e Lorentz-Dirac force for the synchrotron motion
in three dimensions
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