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CS) RELEVANCE

There are exotic bound states (muonium, positronium, positronium ion, muonic
hydrogen, pionic helium, kaonic helium), which have attracted the attention of both
experimenters and theoreticians for decades.

Pionic (kaonic) helium consists of negative pion (kaon), electron and helium nucleus.
7 is in Rydberg state of large principal (n=17) and orbiral angular momentum (I~16,15)
quantum numbers. The pionic helium is predicted to have an anomalously long
nanosecond-scale lifetime, which could allow laser spectroscopy to be carried out. The
study of pionic (kaonic) helium energy levels is important for test of Standard Model
and determination fundamental constants such as the pion mass, kaon mass.

In the work [1], a successful experiment has already been carried out, which gave a
transition frequency value ((n, 1) = (17.16) — (17.15)) of 183760 MHz. From the
measurement of pion transitions between states with large values of the principal and
orbital quantum numbers ((n, 1) = (17.16) — (17.15)) one can try to obtain a more
accurate value of the pion mass than can be done by other methods.

Theoretical calculation of energy levels in pionic helium was carried out in [2] using
variation approach with exponential basis.

1. M. Hori, H. Aghai-Khozani, A. Soter, A. Dax, D. Barna, Nature 581, 37 (2020).
2. M. Hori, A. Soter, V. I. Korobov, Phys. Rev. A 89, 042515 (2014).
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CS) PURPOSE AND TASKS

The purpose of this work is to study the energy spectrum of three-particle pionic helium
Hemne and kaonic helium HeKe on the basis of variational approach with Gaussian basis.

Tasks:

1. Analytical calculation of matrix elements for kinetic, potential energies and
normalization for ground and excited states.

2. Compile computer code to solve problems for bound state of several particles using
the stochastic variational method, which uses a correlated Gaussian basis to obtain a
very accurate solution for three-particle systems.

3. Calculation of the energy levels bound states on the basis of stochastic variational
method [1,2].

Previously, within the framework of the stochastic variational method, the energy levels
of mesomolecules of hydrogen, muonic helium, and other systems were studied.

1. K. Varga and Y. Suzuki, Comp. Phys. Comm. 106, 157 (1997).
2. A. V. Eskin, V. I. Korobov, A. P. Martynenko, F. A. Martynenko, Atoms 11, 25 (2023).
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(S) STOCHASTIC VARIATIONAL METHOD

A system of three particles with masses m;, m, and m; and charges e;, e, and e; is
described by the Schrodinger equation in Jacobi coordinates and has the form:
HY(p,A) =EY¥(p,2)

h h € e e.e ee
H=— oA, = A, ‘1 ‘2 5y 23
m m
m, +m, m, +m,
mm m, +m,)m rm +r,m
o = 11172 ,,uzz( 1 2) 3,p=r1—r2,7\.= 171 TP 2_r3
m, +m, m, +m, + m, m, +m,

The upper bound for the energy of the ground state of the system is given by the smallest
eigenvalue of the generalized eigenvalue problem

Y = _ZK:CiWi (p’)\d’ Ai) Bij — <l//(X, Ai) | l//(X, Aj )>
- Hy =w (X A) [ H [y (X A))
HC = E, BC

AP+ Ak 42 Ay ()]

w(p, A A)=¢
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@D ORDER OF PARTICLES

We use the following order of particles:

1 23 1 2 3
Heze HeKe D ®
The Jacobi coordinates are related to the particle ._ —>

radiuses-vectors as follows:

p=r—r, 2 1

rm +r,m,

m, +m,
R=0
and back
r,=n-rn=p
m
r,=r—r,=A+ 2 —p 3
m1+m2
m
Ny =1 -l =Ak- :
m1+m2
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(S) MATRIX ELEMENTS

Since the T, K—meson is in an orbital excited state | in the problem under consideration, the
variational wave function of the system is chosen in the form:

K L mp? A a2, (p )]
Vin (P M A) =D CY,. (6,,0,)p'e 2
1=1

The kinetic energy operator contains two terms. The matrix element of the Laplace operator
with respect to A is calculated analytically and has the form:

K I_l . . .
(W|V2 %)= CC, 2" 7% r(1+3/2) (detBéz) ___[3A}, (AL, - B,,)det B+ (21 + 3)(A,,B,, - A},B,,)’]
i)j=1

The analogous matrix element with the Laplace operator in p is equal to

K Bl—l
¥ V2|¥)=)> CC. 2" 7 r(1+1/2 2__x
< | P | > ”221 1) 4 ( ) (det B)I+5/2

<[(21 + 1) det B(~(21 +3) AL B,, +3(A),)? + 21A,B,,) + (21 +1)(21 +3)(A,B,, — A;B,,)’]

The normalization of the wave function is determined by the following expression:

K I
(P|W¥)=> CC,2"* 7" r(1+3/2) B2

W! Bkn = Ali(n - Akjn, detB = Bllez _ 8122
i j=1
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(S) MATRIX ELEMENTS

The potential energy operator in the nonrelativistic Hamiltonian consists of pairwise
Coulomb interactions U; (1, J=1, 2, 3). The convenience of using the Gaussian basis in this
case also lies in the fact that all matrix elements of the potential energy operator are
calculated analytically (in electronic atomic units):

K
& |W)=-2> CC, 2" 22 r(1+1)

\ | =

1-1/2
BZZ

(P U, |'¥F)=(¥ (detB)™

K
(WU, |W)=-2> CC,2""?z(1+3/2)

i,j=1

B;zrllz 1 |_|_§ E _(F223)2
2'2°

F N
(detB)'+/22" 1 2 det B

K B|+1/2 1 3 3 F13
1+5/
<\P|u23|ql>:iz’j=1cicjz 5zﬂr(l+3/2)(det2é),+3,22|:{,|+2,2,( ) J

m
|:213 B, +— T B, |:223 =By, -—= B,
ran m12
All these matrix elements are expressed in terms of variational parameters A;;, By;. These
matrix elements are used below for solution of equation HC =E,BC..

yn. MockoBcKoe wocce, .34, r.Camapa, 443086, Ten.: +7 (846) 335-18-26, chakc: +7 (846) 335-18-36, cainT: www.ssau.ru, e-mail: ssau@ssau.ru ) }



(S) MATRIX ELEMENTS

The obtained wave functions make it possmle to calculate the radial distribution densities in

2

p and ) and root mean square values /(#°).,/(#*), which are determined by the expressions:

27)"* & CC, B
W (p) :( o p2|+2e 28"
vly) =B
3
CC.I I+

2|+5/3 K i~ ( 2) 182212 3 3 BZ&Z
W(4) = ﬂ.z 1+3/2 Ae R+ =2,

<W‘W> i j=1 B 2 2 2B,

5
3/22|+3]—1(|+j .
4 2 ) & CC,By!

()= el

<W‘W> i j=1
702 2|+2T(| 3) -
¥k, CC,B,,
)= % 21 detB) i (88,8, ~283)
| j=

These distributions are used after the numerical solution of the problem to analyze the
characteristic distances at which our particles are located. They are illustrated in the graphs
below.
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CS) PROGRAM

To solve the problem, the code was written in Matlab. The program was based on the
program of K. Varga and J. Suzuki, which was implemented in the Fortran language.

The work of the program begins with reading the input file, which contains the masses
of particles, charges, and the boundaries of the intervals for the generation of nonlinear
variational parameters.

Matrix elements of normalization, kinetic and potential energies, calculated
analytically, are included in the program.After generating nonlinear variational
parameters and calculating the normalization and energies from them, the standard
MATLAB function is called to solve the eigenvalue problem.

The result of the program operation is the numerical values of the energies of the
ground and excited states, as well as the matrix of nonlinear variational parameters and
the vector of expansion coefficients of the wave function in terms of the basis states,
which can be used to calculate the radial distribution densities in p and A and root mean

square values ,/(0*).,/(#*) and corrections.

K. Varga, Y. Suzuki Computer Physics Communications 106 (1997) 157-168
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PROGRAM

.8081066215309773
.B081285745218612
8081720715486 762
.8082120588126767
.B082547436T63878
.8082689638245486
.850825471244105851
.80830846011280959
.80834319107T5878
.80835951593680818
.B083752801752633
.808385735045242%9
.808418834609983 Energyd=
.8084344261507446
.5084377854163084
.8084508104731016
.8084575743551481
.8084650058552221
.B084TETO0TS656452
.808483860329591 Energyd=
8084962525609 776
.808517137457T0%e1
.B085287055830457
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.5085444518564815
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.808586€13003832559
-2.
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.658T71934583232556
.65884716269959364
6617218665 T731222
.B6618T746228T987T1
.66205150496881614
.B66213538382e4215
.E621562704245331
6624636715689 713
.6625436538251024
.6625521145429638
662579868 T037405
LBE2TE481T72354591

-2.66348177436397259

-66360466594208781
.6636082204T717733
66367316123 666006
.663693578T052609
.6651184386435422
.665120011392588¢6

-2.665124752674880%9

.6660913381163507
666247656 T7443056
.E66637T75415930635
.6663806451116545
.66638759584185581
.66TO95882738006
.66T1032T7863593405
6671164473699 061
.66T71165155029545
.66T7140064529415
.66T1451178581522
.66T1624170305459
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CC,) RESULTS

0.6}
0.5¢
0.4}
W 0.3}
0.2t
0.1t
0.0k«

0.15 0.20 0.25 0.30 0.35 0.40 0.0 0.5 1.0 L5 2.0 25 3.0
ye
1 0.2 0.3 0.4 0.
y4

SHeKe 6
(21,200 W,

6

SHeKe w 4
(21,19)

2

0

0.6F

| osf

0.4f

1 W 03]

0.2f

I oaf

. | o0k

j 5 00 05 10 15 20 25 30
a

\/<p2>(3HeKe(2:LZO)): 15040fm, \/</12>(3HeKe(2L2O))= 80359fm

J(p?)(*HeKe(2119) )= 15997fm, [(4)(*HeKe(2119))= 81700fm

yn. MockoBcKoe wocce, .34, r.Camapa, 443086, Ten.: +7 (846) 335-18-26, chakc: +7 (846) 335-18-36, cainT: www.ssau.ru, e-mail: ssau@ssau.ru ) ’



@,) RESULTS

In this work, the following numerical values were obtained:

(17,16), eau -2.642382215 -2.656768966

(17,15) , eau -2.669828479 -2.684242202

E(17,16) — E(17,15) = 183760 MHz (experimen t[1] for “He 7e)
E(17,16) — E(17,15) = 180588 MHz (theory for *He 7¢e)
E(17,16) — E(17,15) = 180765 MHz (theory for *He 7€)

1. In the experiment, there is a frequency shift due to the collision of pion helium atoms.

This shift is analyzed by a separate group of experimenters [1].
2. For a more accurate comparison of theory with experiment, it is necessary to take into
account corrections: relativistic corrections, corrections for vacuum polarization, and the

structure of the nucleus.

1. M. Hori, H. Aghai-Khozani, A. Soter, A. Dax, D. Barna, Nature 581, 37 (2020).
B
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RESULTS

In this work, the following numerical values for kaonic helium were obtained:

m E(®*HeKe),eau | E(*HeKe),eau

(19,18) -5.11167212  -5.28178268
(20,18) -4.69322183  -4. 85784789
(20,19) -4.68062221  -4. 83289366
(21,19) -4.32386298  -4. 46016857
(21,20) -4.31336107  -4. 44998430
(22,20) -4.01034272  -4.13254880
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CC,) RESULTS

In this work, the following numerical values were obtained:

(21,19), eau -4. 32386298 -4. 46016857

(21,20), eau -4.31336107 -4. 44998430

E(21,20)-E(21,19) = 69099 MHz (theoryfor *HeKe)
E(21,20)-E(2119) = 67009 MHz (theoryfor “HeKe)

1. Our theoretical results can be regarded as an estimate for an experimental search for
transition frequencies.

2. For a more accurate comparison of theory with experiment, it is necessary to take into
account corrections: relativistic corrections, corrections for vacuum polarization, and the
structure of the nucleus.
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