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There are exotic bound states (muonium, positronium, positronium ion, muonic

hydrogen, pionic helium, kaonic helium), which have attracted the attention of both

experimenters and theoreticians for decades.

Pionic (kaonic) helium consists of negative pion (kaon), electron and helium nucleus.

π- is in Rydberg state of large principal (n=17) and orbiral angular momentum (l~16,15)

quantum numbers. The pionic helium is predicted to have an anomalously long

nanosecond-scale lifetime, which could allow laser spectroscopy to be carried out. The

study of pionic (kaonic) helium energy levels is important for test of Standard Model

and determination fundamental constants such as the pion mass, kaon mass.

In the work [1], a successful experiment has already been carried out, which gave a

transition frequency value ((n, l) = (17.16) → (17.15)) of 183760 MHz. From the

measurement of pion transitions between states with large values of the principal and

orbital quantum numbers ((n, l) = (17.16) → (17.15)) one can try to obtain a more

accurate value of the pion mass than can be done by other methods.

Theoretical calculation of energy levels in pionic helium was carried out in [2] using

variation approach with exponential basis.

1. M. Hori, H. Aghai-Khozani, A. Soter, A. Dax, D. Barna, Nature 581, 37 (2020).

2. M. Hori, A. Soter, V. I. Korobov, Phys. Rev. A 89, 042515 (2014). 
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PURPOSE AND TASKS

The purpose of this work is to study the energy spectrum of three-particle pionic helium

Heπe and kaonic helium HeKe on the basis of variational approach with Gaussian basis.

Tasks:

1. Analytical calculation of matrix elements for kinetic, potential energies and

normalization for ground and excited states.

2. Compile computer code to solve problems for bound state of several particles using

the stochastic variational method, which uses a correlated Gaussian basis to obtain a

very accurate solution for three-particle systems.

3. Calculation of the energy levels bound states on the basis of stochastic variational

method [1,2].

Previously, within the framework of the stochastic variational method, the energy levels

of mesomolecules of hydrogen, muonic helium, and other systems were studied.

1. K. Varga and Y. Suzuki, Comp. Phys. Comm. 106, 157 (1997).

2. A. V. Eskin, V. I. Korobov, A. P. Martynenko, F. A. Martynenko, Atoms 11, 25 (2023).
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A system of three particles with masses m1, m2 and m3 and charges e1, e2 and e3 is

described by the Schrödinger equation in Jacobi coordinates and has the form:
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The upper bound for the energy of the ground state of the system is given by the smallest

eigenvalue of the generalized eigenvalue problem
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STOCHASTIC VARIATIONAL METHOD
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We use the following order of particles:
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The Jacobi coordinates are related to the particle 

radiuses-vectors as follows:

and back
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Since the π, K−-meson is in an orbital excited state l in the problem under consideration, the

variational wave function of the system is chosen in the form:

The kinetic energy operator contains two terms. The matrix element of the Laplace operator 

with respect to λ is calculated analytically and has the form:

The analogous matrix element with the Laplace operator in ρ is equal to

The normalization of the wave function is determined by the following expression:
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The potential energy operator in the nonrelativistic Hamiltonian consists of pairwise

Coulomb interactions Uij (i, j=1, 2, 3). The convenience of using the Gaussian basis in this

case also lies in the fact that all matrix elements of the potential energy operator are

calculated analytically (in electronic atomic units):

All these matrix elements are expressed in terms of variational parameters Aij, Bij. These 

matrix elements are used below for solution of equation                     .BCEHC K
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MATRIX ELEMENTS

The obtained wave functions make it possible to calculate the radial distribution densities in 

ρ and λ and root mean square values , which are determined by the expressions:
22 , 

These distributions are used after the numerical solution of the problem to analyze the 

characteristic distances at which our particles are located. They are illustrated in the graphs 

below.
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PROGRAM

To solve the problem, the code was written in Matlab. The program was based on the

program of K. Varga and J. Suzuki, which was implemented in the Fortran language.

The work of the program begins with reading the input file, which contains the masses

of particles, charges, and the boundaries of the intervals for the generation of nonlinear

variational parameters.

Matrix elements of normalization, kinetic and potential energies, calculated

analytically, are included in the program.After generating nonlinear variational

parameters and calculating the normalization and energies from them, the standard

MATLAB function is called to solve the eigenvalue problem.

The result of the program operation is the numerical values of the energies of the

ground and excited states, as well as the matrix of nonlinear variational parameters and

the vector of expansion coefficients of the wave function in terms of the basis states,

which can be used to calculate the radial distribution densities in ρ and λ and root mean

square values and corrections.

K. Varga, Y. Suzuki Computer Physics Communications 106 (1997) 157-168

9

22 , 



10

PROGRAM
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3Heπe

(17,16)

3Heπe

(17,15)

   

    fm 59724.8 )15,17(,fm 40828 )15,17(

fm 59736.3 )16,17(,fm 37921 )16,17(

3232

3232





eHeeHe

eHeeHe
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3HeKe

(21,20)

3HeKe

(21,19)

   

    fm 81700  )19,21(,fm 15997  )19,21(

fm 80359  )20,21(,fm 15040  )20,21(

3232

3232





HeKeHeKe

HeKeHeKe
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State (n,l) E(3Heπe),eau E(4Heπe),eau

(17,16), eau -2.642382215 -2.656768966

(17,15) , eau -2.669828479 -2.684242202

In this work, the following numerical values were obtained:

1. M. Hori, H. Aghai-Khozani, A. Soter, A. Dax, D. Barna, Nature 581, 37 (2020).

e)Hefor (theory  MHz 180765  )15,17()16,17(

e)Hefor (theory  MHz 180588  )15,17()16,17(

e)Hefor  [1]t (experimen MHz 183760  )15,17()16,17(

4

3
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1. In the experiment, there is a frequency shift due to the collision of pion helium atoms.

This shift is analyzed by a separate group of experimenters [1].

2. For a more accurate comparison of theory with experiment, it is necessary to take into

account corrections: relativistic corrections, corrections for vacuum polarization, and the

structure of the nucleus.
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State (n,l) E(3HeKe),eau E(4HeKe),eau

(19,18) -5. 11167212 -5. 28178268

(20,18) -4. 69322183 -4. 85784789

(20,19) -4. 68062221 -4. 83289366

(21,19) -4. 32386298 -4. 46016857

(21,20) -4.31336107 -4. 44998430

(22,20) -4.01034272 -4. 13254880

In this work, the following numerical values for kaonic helium were obtained:
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State (n,l) E(3Heπe),eau E(4Heπe),eau

(21,19), eau -4. 32386298 -4. 46016857

(21,20), eau -4.31336107 -4. 44998430

In this work, the following numerical values were obtained:

e)Hefor (theory  MHz 67009   )19,21()20,21(

e)Hefor (theory  MHz 69099   )19,21()20,21(

4

3

KEE

KEE





1. Our theoretical results can be regarded as an estimate for an experimental search for

transition frequencies.

2. For a more accurate comparison of theory with experiment, it is necessary to take into

account corrections: relativistic corrections, corrections for vacuum polarization, and the

structure of the nucleus.
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