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NSVZ S-function in NV = 1 supersymmetric theories

In A/ = 1 supersymmetric theories the S-function is related to the anomalous
dimension of the matter superfields by the equation

a? (302 —T(R) + C(R)i7 ;' (a, A)/r)
21(1 — Coar/27) ’

where

5(0‘7)‘) =

tr (TATP) = T(R)§4%;  (T):H (T4 = C(R);

fACDfBCD = C«QaAB; r= 6AA~

V.Novikov, M.A.Shifman, A.Vainshtein, V.l.Zakharov, Nucl.Phys. B 229 (1983) 381;
Phys.Lett. B 166 (1985) 329; M.A.Shifman, A.l.Vainshtein, Nucl.Phys. B 277 (1986) 456;
D.R.T.Jones, Phys.Lett. B 123 (1983) 45.
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NSVZ equation in different regularizations

It is known that in the DR scheme, which is widely used in supersymmetric theories, the NSVZ
relation is incorrect because of the scheme dependence of the renormalization group functions in
the highest loops.

L.V.Avdeev, O.V.Tarasov, Phys.Lett. B 112 (1982) 356; l.Jack, D.R.T.Jones,
C.G.North, PhysLett. B 386 (1996) 138; Nucl.Phys. B 486 (1997) 479;
R.V.Harlander, D.R.T.Jones, P.Kant, L.Mihaila, M.Steinhauser, JHEP 0612
(2006) 024.

The renormalization prescription, in which the NSVZ formula is correct in all loops, is realized on
regularizations by higher covariant derivatives, proposed by A.A. Slavnov

‘ A.A.Slavnov, Nucl.Phys., B 31 (1971) 301; Theor.Math.Phys. 13 (1972) 1064. ‘

in supersymmetric variant:

‘ V.K.Krivoshchekov, Theor.Math.Phys. 36 (1978) 745; P.West, Nucl.Phys. B 268 (1986) 113. ‘

In this case, the NSVZ relation is true in all loops for the RGF, defined in terms of bare coupling
constants,

K.V.Stepanyantz, Nucl.Phys. B 852 (2011) 71; Nucl. Phys. B 909 (2016), 316-335.
K.V.Stepanyantz, Eur. Phys. J. C 80 (2020) no.10, 911; JHEP 2001 (2020) 192.

and also in terms of renormalized coupling constants when using the HD4+MSL scheme.

A.L.Kataev and K.V.Stepanyantz, Nucl. Phys. B 875 (2013) 459. ‘
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N =1 SQED with Ny flavors

The simplest particular case of the /' = 1 gauge theory is the NV = 1

supersymmetric electrodynamics (SQED) with Ny flavors, which (in the massless
case) is described by the action

1 4. 12 a 1 4, . 74 x 2V T =2V T
S:%Re/dxdﬁw Wa+f§_14/dxd e(qsfe b5 + e ¢>f),

where V' is a real gauge superfield, ¢, and (Ef with f =1,..., Ny are chiral matter
superfields with opposite U(1) charges, and W, = D2D,V/4. In our notation the
bare and renormalized coupling constants are denoted by e and e, respectively.
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Regularization and gauge fixing

In order to regularize the theory by higher derivatives, it is necessary to add the
higher derivative term to the action:

Sreg = 1 2Re /d4xd29W“R(82/A2)W
+Z /d4:cd4 ¢3e?V op + eV ¢f),

where R(9?/A?) is a regulator, e.g. R =1+ §%"/A*".
Another similar regulator function appears in the gauge fixing term

Sef = / d*z d*0 D*V K (0% /A*)D?V,

3250 60

where & is the bare gauge parameter. The minimal (Feynman) gauge corresponds
to & =1 and R(z) = K(x). However, we will make calculations for an arbitrary

& and K(z) # R(x).

V.Yu.Shirokova Multiloop calculati of beta-f i 28 August 2023 5/17




Pauli—Villars determinants

Adding the higher derivative term allows to remove all divergences beyond the one-
loop approximation. To remove one-loop divergences, we insert in the generating
functional the Pauli-Villars determinants:

Ny
Z[sources] = / DV ( I1 D%D%) Det(PV, M)™7 exp (z‘s,eg +iSgr+ z'sm)
a=1

Det(PV, M)~ / DO D® exp(iSs).

Here the action for the massive Pauli-Villars superfields is given be the expression

Se = i/d‘lx 440 (cb*ewcb n 6*6—2@) n (% /d% PODD + c.c.),

and it is important that the ratio of the Pauli-Villars mass M to the regularization
parameter A should not depend on the coupling constant.
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Renormalization

The considered theory is renormalizable.

A. A. Slavnov, Nucl. Phys. B 97 (1975) 155.

Therefore the ultraviolet divergences can be absorbed into the renormalization of

the coupling constant, of the gauge parameter, and of the chiral matter superfields
¢a and ¢,. All chiral superfields have the same renormalization constant Z, such

that ¢a3—f¢a, (baR—\/»@l for all values of « =1,..., Ny.
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The NSVZ relation in N' =1 SQED with N flavours

It is convenient to encode the ultraviolet divergences in RGFs. It is neccesary to
distinguish between RGFs defined in terms of the bare coupling constant,

(a) dlnZ
: an) = 4 1e
b T T A

a=const

dO[o
/6(050) - leA

)
a=const

and the ones standardly defined in terms of the renormalized coupling constant by
the equations

~ do

Bla) = dln g

_dlnZ
~dlnp

;o A

ap=const

b)
ap=const

where p is a renormalization point.

‘ A.L.Kataev and K.V.Stepanyantz, Nucl. Phys. B 875 (2013) 459. ‘

In considered theory and in the case of using the higher derivative regularization
described above they satisfy the NSVZ equation

Blo) _ (1 - 7(%))

2
ag T

M.A.Shifman, A.l.Vainshtein, V.l.Zakharov, JETP Lett. 42 (1985) 224;
Phys.Lett. B 166 (1986) 334.
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Method of calculation of S-function based on vacuum
supergraph calculation

There is very simple method for calculation of S-function.

‘ K. V. Stepanyantz, JHEP 1910 (2019) 011.

This method is based on calculating supergraphs with no external lines and than to act
on them by specially constructed operator. In the abelian case we follow such steps:

1. First, we calculate a supergraph with an insertion of 6%v?, where v is function which
slowly decrease at a very large scale R — oo and 6* = eaeaébéi).

2. Then we apply operator: M g2
2
2502,

where the index 7 numerates the matter loops, M — total number of matter loops.
3. Finally the contribution to the function 3(c)/ad corresponding to the considered
supergraph is obtained by differentiating the result with respect to In A and multiplying
it to the factor —27/V4, where

Vi = /d4x v°

‘ S.S.Aleshin, et al. Nucl. Phys. B 956 (2020), 115020
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Method of calculation of S-function based on vacuum
supergraph calculation

Only singular near zero contributions give non-trivial results. This is because after
using the formula

9 1
0Q; @

= —4r5'(Q)

C. M. Bender, R. W. Keener and R. E. Zippel, Phys. Rev. D 15 (1977), 1572
K. V. Stepanyantz, JHEP 1910 (2019) 011.

one can take one of the loop integrals and all the parts with non-singular
contributions will vanish. After taking integral we will have L — 1 integrals (where
L is number of loops).
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Computer program for supergarph calculations

We use special computer program written earlier for calculations in the framework
of N =1 superspace.

I. E. Shirokov, Program. Comput. Software 49 (2023), 122-130.

Initially the program could calculate two-point Green function of matter fields.
Several changes were made in it to make it possible to calculate supergraphs with
no external legs, that are needed in mentioned above method.
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Four-loop -function, terms proportional to (N)* and

(Np)?

B(ao) 2
Awvprnpr gz = 8N

d d*Q d*K d'L e 8?2 ( 1 N )
n.-s.c.
dinA J (2m)* (2m)* (2m)* K2R% 0QH0Q, \ Q2(Q + K)2

1 1 . d d*Q d*K d*L d'U €

X(((L +K)Z+ M2)(L2 + M?)  L3(L+ K)2> +H16m (N I (2m)4 (2m)4 (2m)* (2m)t RZ K2
1 8?2 8?2 K24+ L% -2(Q+ K+ L)? 1
“RoL? (SQ"@QH M awaUﬂ) (UQ(U FREQRQ+K)2Q+ L2 Q+ K+ L2 (Q+K+L)2
" K24+ 1?2 -2(Q+ K+ L)? B K24+ L% —2(Q+ K + L)?

Q*(Q+ L)2(U? + M?)(Q+ K)?(U+ K)?+M?)  U?(U+ K)*(Q*>+ M?)((Q+ K+ L)> + M?)

1 aMm?
(Q+L2+M2)((Q+K)2+M2) U2(U + K)2(Q2+ M2)2((Q + K)* + M2)((Q + L)2 + M?)
d d'Q d'K d'L d'U € 0? 1

din A / (27)% (2m)% (2m)* (2m)3 RS, K2 0U#U, (Uz(U Tzt “"S‘C')

T

+n.-s. c.> + 167 (Ny)*?

X( 1 B 1 )( 1 B 1 )
L2(L+K)2 (L24+M2)((L+K)2+M?))\Q2(Q+K)2 ((Q+K)2+ M?2)(Q2+ M?)
+0(ed)
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Four-loop S-function, terms proportional to (Ny)?

B(ag) d dtQ 82 n(Q2 + M?2) d atQ datrx €2 a2
A(Nf)1 w2 N / (2m)4 8QHOQ Q2 HATN A / (2m)4 (2m)4 K2Ry 0QHOQ
0 I3 K I3
( 1 )+8 ~ d / d4qQ dik d*L ed 82 ( 1
X _— .-S.cC. _ R
Qz@rmz )TN G Gmt amd @md K2R PRy 9QF0Q, \QE(Q + K)2(Q + L)2

KZ
CQ2(Q+K)2(Q+L)2(Q + K + L)2

d / dtQ dik 4L dtu e
(2m)% (2m)* (2m)* (2m)* K2R L2R1 Q%R

+n.-s. c.) + s«me
n

a2 4 3 4
M _ _

auuauu(SUQ(U+K)2(U+L)2(U+Q)2 U2(U+ K)2(U+ K+ L)2(U+ Q)2 U2(U+K+L)2U+Q+ K)?
1 212Q2 1

x +
(U+L0)2 U2W+L2WU+K2U+Q2U+K+L)2U+Q+L)2 UZ(U+ Q)2+ L)2(U + K + L)?2

ar? N (K+ @2 xBU+L+K)?2-W+K?2-W+L1)2+U02+412)
U2(U+Q2WU+L)2(U+K?2U+K+L)2 U2U+L)2WU+K2ZU+K+Q+L)2(U+K+L)2(U+Q+ K)2

ok4 2(Q + K + L)*
+U2(U+L>2<U+ K)2(U+Q)2(U + K + L)2(U + Q + K)2 * 3U2(U + L)2(U 4+ K)2(U+ K+ Q+ L)2(U + Q + L)?
1 16[(U + K)2+ (U +L0)2+ U +@?2-02-12-K2-Q?
X(U+Q+K>2 3U2(U + L)2(U + K)2(U 4+ Q+ L)2(U + Q + K)?

+n.-s. c.) +0(d

Lower order contributions were obtained earlier

S.S.Aleshin, et al. Nucl. Phys. B 956 (2020), 115020 ‘

But we recalculated them independently using program.
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Four-loop S-function

After calculating one of the loop integrals using differential operator the result takes form
Blag) Ny 2Ny d [ d*K €] 2N; d d*K d'L e ( 2
a2 T m™ dlnA (2m)* K*Rk 7 dlnA (2m)* (2m)* Rk Ry \ K2L4(K + L)?
1 ) 4(Ng)? d d*K d*L e ( 1 1 )
KALA m  dinAJ (2m)1 (2m)t RZ KT\ L2(L + K)2 (L% + M2)((L + K)? + M?2)
8Ny d d*K d'L d*Q e [ 1 1 1

" m dlnAJ (2m)* (2m)* (27)* RkRLRo | 3KALAQ4 + K4L2Q4(Q + L)? + K2LA(K + L)?

1 1 2 16(Ns)? d d*K d*L d*Q eS K, L*
“Q+K+1L)2 (@ h (Q+L)2>} T 7 dlnAJ (2m* (2m)f (2m)?* RLRLKALA(K + L)?
X( 1 3 1 ) _8(Vg)? d / d'K d'L d*'Q es

Q2(Q+K)?2  (Q2+M2)((Q+ K)? + M?) m  dinAJ (2m)t (27)1 (2m)* RZ R K1
1( 20Q+ K+ L)? - K?-L? 2(Q+ K+ L) - K? - L?

L2\Q2Q+K2Q+L12Q+K+L)2 (Q+M2)(Q+K)2+M)((Q+L)*+ M?)
1 4M? 8(Ns)® d

(Q+K+L)2+M2)+(Q2+M2)2((Q+K)2+M2)((Q+L)2+M2)>+ x  dnA

T

X/ d*K d*'L d*Q e ( 1 B 1 )( 1

(2m)* (2m)% (2m)* RE K4\ Q2(Q+ K)?2 (% + M?A)((Q+ K)2 + M?) )\ L2(L + K)?
1 8

T MH(L+ K+ M2)> +Oleo)-
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Four-loop [-function and NSVZ-relation

All the remaining integrals were calculated in

‘ I. E. Shirokov and K. V. Stepanyantz, JHEP 2204 (2022) 108. ‘

using the Chebyshev polynomials method.

‘ J. L. Rosner, Annals Phys. 44 (1967), 11. ‘

adNy N agNy  agNy  aig(Ny)?
T 2 273 73

3 S(Ns)? A
X(lna—i—z—l—C) _|_aO(7T74f)((1na+1)2_ TQ—&-Dllna—&—Dg) +O(o¢g).

Blao) =

%) N oo Ny n 048(1\?)2

1 1
(na+ + 24 T

where A1, Aa, C, D1, and D2 are numerical parameters depending on the regulator
function R(x).

2 2 3 3
_ %, %, %l Ay o ol 3
7(ao) = ™ +27r2+ 2 (lna+1+ 2) 273 3 (lna+4+C)
3 2
_Oéo(rij\g) ((lna +1)° - % + Dilna+ Dz) + O(ay),
comparison verify validity of NSVZ relation:
f(ao) Nf( )
PA0) Y
ag = 7(0‘0)
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Conclusion

@ Using special computer program, written previously by I.E. Shirokov and
redesigned by author, and also using standard rules of inserting differential
operator, integrals that contribute to beta function were obtained.

@ Four-loop S-function defined in terms of bare couplings was calculated and
compared to three-loop anomalous dimension.

o It appears to be the highest loop verification of NSVZ-relation.

@ This result can be treated as a verification of this special method of
B-function calculation and of used software.
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Thank you for the attention!
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