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             DGLAP                              vs                           BFKL
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dfi
d log μ2

=
αs

2π [Pqq ⊗ fi + Pqg ⊗ fg]
dfg

d log μ2
=

αs

2π [Pgq ⊗ ∑
i

fi + Pgg ⊗ fg]

DGLAP evolution

Bjorken limit     

  s → ∞; pT → ∞; x ∼

pT

s
∼ 1

kTn ≫ kTn−1 ≫ . . . ≫ kT2 ≫ kT1

[αs log Q2]n

BFKL kinematics (LLA):  Regge-Gribov limit 

  


 ;


   c    

s → ∞; pT − finite; x ∼
pT

s
→ 0

pT ≫ ΛQCD

∂fg
∂ log 1/x

= K ⊗ fg = ωfg ⇒

fg ∼ (1
x )

ω

∼ ( s
s0 )

ω

∼ eωΔy

xn ≫ xn−1 ≫ . . . ≫ x2 ≫ x1

kTn ∼ kTn−1 ∼ . . . ∼ kT2 ∼ kT1

[αs log(1/x)]n

ωmax = αIP(0) − 1
LL BFKL  provides too large intercept




NLL BFKL:            


αLL
IP (0) ≈ 1.5

αNLL
IP ≈ 1.2

[JETP Lett. 70 (1999) 155-160]

S.J. Brodsky, V.S. Fadin, V. T. Kim, 
L.N. Lipatov, G.B. Pivovarov

BFKL evolution

Gribov—Lipatov—Altarelli—Parisi—Dokshitzer Balitsky—Fadin—Kuraev—Lipatov

https://link.springer.com/article/10.1134/1.568145
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Obstacles in search of BFKL 

• NLL BFKL methods of calculation are developed only for part of the 
measured observables


• Absence of PURE DGLAP based calculations.  The colour coherence 
corrections are often included to Monte Carlo (MC) DGLAP-based 
generators such as PYTHIA8 and HERWIG


• Perform comparison of NLL BFKL calculations with measurements were it is 
possible


• Measure the existing observables at all available in experiments energies


• Develop calculations based on NLL BFKL for all existing observables


• Look for new observables which can be calculated at NLL BFKL and 
measured

3

STRATEGY:
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Mueller-Navelet dijets

4

[Nucl. Phys. B 282 (1987) 727]A. H. Mueller and H. Navelet

MN jet pair is a pair of jets with 
  above    most 

separated in rapidity 
pT pT min

Δy = |y1 − y2 |

σMN
 GeV
pTmin = 35

Δy < 9.4

 TeVs = 2.76

[JHEP03(2022)189]CMS

https://www.sciencedirect.com/science/article/abs/pii/055032138790705X?via=ihub
https://link.springer.com/article/10.1007/JHEP03(2022)189
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NLL BFKL for MN dijets (1)
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dσ
dy1dy2d2 ⃗pT1d2 ⃗pT2

= ∑
ij

∫ fi(x1, μF)fj(x2, μF)
d ̂σij(x1x2s, μF, μR)
dy1dy2d2 ⃗pT1d2 ⃗pT2

NLL BFKL

f eff(x, μF) =
CA

CF
fg(x, μF) + ∑

i=q,q̄

fi(x, μF),Large :Δy

d ̂σgg

dy1dy2d2 ⃗pT1d2 ⃗pT2
=

xJ1xJ2

(2π)2 ∫
d2 ⃗q1

⃗q2
1

V1( ⃗q1, x1, ⃗pT1, xJ1)

× ∫
d2 ⃗q2

⃗q2
2

V2(− ⃗q2, x2, ⃗pT2, xJ2)

× ∫C

dω
2π i ( x1x2s

s0 )
ω

Gω( ⃗q1, ⃗q2),

Φ( ⃗q, ⃗pT, xJ, ω) ≡ ∑
i

∫
1

0
dx fi(x, μF)( x

xJ )
ω

Vi( ⃗q, x, ⃗pT, xJ),

Φ1,2(n, ν, ⃗pT1,2, xJ1,2, ω) = αs(μR)[c1,2(n, ν) + ᾱs(μR)c(1)
1,2(n, ν)]

dσ
dy1dy2d | ⃗pT1 |d | ⃗pT2 |dϕ1dϕ2

=
1

(2π)2 [𝒞0 +
∞

∑
n=1

2 cos(nϕ)𝒞n]
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NLL BFKL for MN dijets
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NLL BFKL
dσ

dy1dy2d | ⃗pT1 |d | ⃗pT2 |dϕ1dϕ2
=

1
(2π)2 [𝒞0 +

∞

∑
n=1

2 cos(nϕ)𝒞n]

𝒞n =
xJ1xJ2

| ⃗pT1 | | ⃗pT2 | ∫
+∞

−∞
dνe(Y−Y0)ᾱs(μR)χ(n,ν)α2

s (μR)c1(n, ν)c1(n, ν)[1 + ᾱs(μR)( c̄(1)
1 (n, ν)
c1(n, ν)

+
c̄(1)

2 (n, ν)
c2(n, ν)

+
β0

2Nc ( 5
3

+ ln
μ2

R

| ⃗pT1 | | ⃗pT2 | )) + ᾱ2
s(μr)ln

xJ1xJ2s
s0 {χ̄(n, ν) +

β0

4Nc
χ(n, ν)( −

χ(n, ν)
2

+
5
3

+ ln
μ2

R

| ⃗pT1 | | ⃗pT2 | )}]
where

Y = y1 − y2 = ln
xJ1xJ2s

| ⃗pT1 | | ⃗pT2 |
and Y0 = ln

s0

| ⃗pT1 | | ⃗pT2 |

• NLL BFKL contains both renormalization scheme and renormalization scale ambiguities

dσ
dy1dy2d | ⃗pT1 |d | ⃗pT2 |

= 𝒞0
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BFKLP prescription (1)
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This is the generalisation of Brodsky-Lepage-Mackenzie (BLM) optimal scale setting procedure 

[Phys. Rev. D 28 (1983) 229].


Brodsky-Fadin-Kim-Lipatov-Pivovarov (BFKLP) [JETP Lett. 70 (1999) 155-160] 


The ambiguity is related to large running coupling effects and non-Abelian nature of the QCD


  one needs to use physical renormalization scheme, in which the non-Abelian contributions presented 


in the first order, for example physical momentum subtraction scheme ( ).


 and  schemes are related:


⇒
MOM

MOM MS

αMS
s = αMOM

s (1 +
αMOM

s

π
(Tβ + Tconf)),

Tβ = −
β0

2 (1 +
2
3

I),

Tconf =
CA

8 [ 17
2

I +
3
2

(I − 1)ξ + (1 −
1
3

I)ξ2 −
1
6

ξ3], where ,   - gauge parameterI ≈ 2.3439 ξ

https://doi.org/10.1103/PhysRevD.28.228
https://link.springer.com/article/10.1134/1.568145
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BFKLP prescription (2)
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Transform to  scheme, and separate conformal (  -independent) and non-conformal (  -dependent)

parts:


choose   scale so that the non-conformal part vanishes

MOM β0 β0

μR

𝒞MOM
n =

xJ1xJ2

| ⃗pT1 | | ⃗pT2 | ∫
+∞

−∞
dνe(Y−Y0)ᾱMOM

s (μR)χ(n,ν)(αMOM
s (μR))2c1(n, ν)c2(n, ν)

× [1 + ᾱs(μR)( c̄(1)
1 (n, ν)
c1(n, ν)

+
c̄(1)

2 (n, ν)
c2(n, ν)

+
2T conf

Nc
+

β0

2Nc ( 5
3

+ ln
μ2

R

| ⃗pT1 | | ⃗pT2 |
− 2(1 +

2
3

I)))
+(ᾱMOM

s (μR))2ln
xJ1xJ2s

s0 {χ̄(n, ν) +
T conf

Nc
χ(n, ν) +

β0

4Nc
χ(n, ν)( −

χ(n, ν)
2

+
5
3

+ ln
μ2

R

| ⃗pT1 | | ⃗pT2 |
− 2(1 +

2
3

I))}],

𝒞β
n =

xJ1xJ2

| ⃗pT1 | | ⃗pT2 | ∫
+∞

−∞
dνe(Y−Y0)ᾱMOM

s (μBFKLP)χ(n,ν)(αMOM
s (μBFKLP))3c1(n, ν)c2(n, ν)

×
β0

2Nc [ 5
3

+ ln
(μBFKLP)2

| ⃗pT1 | | ⃗pT2 |
− 2(1 +

2
3

I) + ᾱMOM
s (μBFKLP)ln

xJ1xJ2s
s0

χ(n, ν)
2

× (−
χ(n, ν)

2
+

5
3

+ ln
(μBFKLP)2

| ⃗pT1 | | ⃗pT2 |
− 2(1 +

2
3

I))] = 0,
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Approximate BFKLP scale
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Case a:


Case b:

(μBFKLP
a )2 = | ⃗pT1 | | ⃗pT2 |exp[2(1 +

2
3

I) −
5
3 ],

𝒞BFKLP
a =

xJ1xJ2

| ⃗pT1 | | ⃗pT2 |
× ∫

+∞

−∞
dνe (Y−Y0)αs

MOM(μBFKLP
a )[χ(n,ν)+αs

MOM(μBFKLP
a )( χ̄(n,ν)+ T conf

Nc
χ(n,ν)− β0

8Nc
χ2(n,ν))]

× (αMOM
s (μBFKLP

a ))2c1(n, ν)c2(n, ν) × [1 + αs
MOM(μBFKLP

a ){ c̄(1)
1 (n, ν)
c1(n, ν)

+
c̄(1)

2 (n, ν)
c2(n, ν)

+
2Tconf

Nc }]

(μBFKLP
b )2 = | ⃗pT1 | | ⃗pT2 |exp[2(1 +

2
3

I) −
5
3

+
1
2

χ(n, ν)],

𝒞BFKLP
b =

xJ1xJ2

| ⃗pT1 | | ⃗pT2 |
× ∫

+∞

−∞
dνe (Y−Y0)αs

MOM(μBFKLP
b )[χ(n,ν)+αs

MOM(μBFKLP
b )( χ̄(n,ν)+ T conf

Nc
χ(n,ν))]

× (αMOM
s (μBFKLP

b ))2c1(n, ν)c2(n, ν) × [1 + αs
MOM(μBFKLP

b ){ c̄(1)
1 (n, ν)
c1(n, ν)

+
c̄(1)

2 (n, ν)
c2(n, ν)

+
2Tconf

Nc
+

β0

4Nc
χ(n, ν)}],

[Phys. Rev. D 91 (2015) 114009]
F. Caporale, D. Yu. Ivanov, B. Murdaca & A. Papa

Case (a) better reproduce exact settings  for cross section μBFKLP 𝒞0
[Phys. Rev. D 91 (2015) 114009]

F. G. Celiberto, D. Yu. Ivanov, B. Murdaca & A. Papa

Case (a)  estimate of MN x-section;      Case (a) - Case(b)   estimate of theoretical uncertainty⇒ ⇒

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.91.114009
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.91.114009
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First comparison: NLL BFKL for MN dijets @ 2.76 TeV
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[Phys. Rev. D 108 (2023) 014010]A. Iu. Egorov and V. T. Kim

• NLL BFKL agrees with the CMS data at large 


• All other calculations based on LO+LL DGLAP overestimates the CMS data at large  (Born, PYTHIA8, HERWIG 
[JHEP03(2022)189])


• NLO+LL DGLAP POWHEG+PYTHIA8/HERWIG overestimates the CMS data at large  [JHEP03(2022)189].

Δy

Δy

Δy

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.014010
https://link.springer.com/article/10.1007/JHEP03(2022)189
https://link.springer.com/article/10.1007/JHEP03(2022)189
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NLL BFKL for MN dijets @ 8 and 13 TeV
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[Phys. Rev. D 108 (2023) 014010]A. Iu. Egorov and V. T. Kim

• NLL BFKL predicts lowest values of MN x-section at large 


• Difference between Born and LL BFKL rises with  and   expected BFKL effects become stronger with 
increasing  and 


Δy

s Δy ⇒
s Δy

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.014010


28/08/2023-LOMONOSOV 2023                                                                     ANATOLII EGOROV (PNPI & SPPU)                           

NLL BFKL for MN dijets with lower  = 20 GeV


 @  2.76,  8 and 13 TeV

p⊥min

12

[Phys. Rev. D 108 (2023) 014010]A. Iu. Egorov and V. T. Kim

• NLL BFKL predicts lowest values of MN x-section at large 


• Lowering     increasing the sensitivity to expected BFKL effects


Δy

p⊥min ⇒

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.014010
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NLL BFKL for Ratios of MN cross sections at 
different energies,  = 35 GeVp⊥min

13

13/2.76 8/2.76 13/8

[Phys. Rev. D 108 (2023) 014010]A. Iu. Egorov and V. T. Kim

• NLL BFKL predicts fastest rise with 


• Predictions of DGLAP and BFKL-based calculations are well separated at large 


• These ratios are sensitive to BFKL

Δy

Δy

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.014010
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NLL BFKL for Ratios of MN cross sections at 
different energies,  = 20 GeVp⊥min
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13/2.76 8/2.76 13/8

[Phys. Rev. D 108 (2023) 014010]A. Iu. Egorov and V. T. Kim

• NLL BFKL predicts fastest rise with 


• Predictions of DGLAP and BFKL-based calculations are well separated at large 


• These ratios are sensitive to BFKL

Δy

Δy

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.014010
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Summary

• The first comparison of the NLL BFKL calculations for MN x-section with 
experimental data at  TeV is presented.


• The NLL BFKL calculation with BFKLP scale setting agrees with MN x-section 
measurements of CMS at  TeV. All DGLAP-based calculations are 

fail at large . These observations argue in favour of manifestation of the 
BFKL evolution


• Ratios of MN cross sections at different energies can be a sensitive probe for 
search of the BFKL evolution


• The predictions which can be tested at LHC are given

s = 2.76

s = 2.76
Δy
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THANK YOU!
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