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Cosmic string: motivation

1st PT order vs NP in literature:
AT}y < §(§ —1/6)
Field eqgn.

V=9 [0 = ¢R|GE (x,2') = 6%z — o)

Potential:

Y(r) = v/=g &R = 4n(1 - B)¢ 8% (p)
Limit: (1—-08) =0 & —o00 (1— ()= const

{82+)\52 }GFIQZ ) = —6%x — 2) p=(x,y)

{82 + A6 } = 0z —2), r=(x,9,2)
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Green's function: perturbation theory

Field equation:
L(z,0) G (x,2)) = —0%x — 2)
Operator perturbation: £ = £y + 0L
£G=-1 G=-g" Go=—Ly "
Solution as series

~1
G=|-g,0- go(sz)} — Go+GodLGo+ ...

For zero-order equation

ddp Cz'p(:rler’)
A Y/ F ) =
L) =0 G- = [ S

Operator deviation:
O0L(x,0) =U(x)
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Renormalized VEVs

Dimensional regularization: D = d — 20

GE (z,2|d) = lim GE_ (2,2 | D)
0—0 ©
Renormalization:
Gl 2] d) = lim |GE (2,2 | D) = G, (w,2| D)

Renormalized VEV {p?(x)):
(@%(2))on = 1 Gren(, 2| d)
Renormalized energy-momentum tensor:

<TV>reIl - ZDZ GF (':U7 :C/ ‘ d)

" ren

r'=x

1 / v 1V o/
Dl = (1-26) 99, ~ (5-2€) 6,0°0, ¢ (V0,473
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Static potentials

Fourier-transform: U(q) = 27 6(q°) U(q)
The generic form: (¢" = (0, q))

VEV = —i/ q eiqu(q)/(d4p ©

(27)3 21 )t [p?+ie][(p+q) 2 +ie]
VEV  Q
() 1
(Too)  po+[26—1/2lp-q
(Toi) (& — 1) podi — popi
(Tij)  (E=1)@ipj—pipj+[2§—1/2] p-G 01— E(pid; +Gidy)

| 1 U
<¢2(7'>>ren 39,3 /dr I _(7;3’3
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Static potentials

Renormalized EM [
U(r’)
- 3 /—
< /“/<r>>r(n 32 3 (5 ) /d ‘/Ta /rc/ 124

TiTj — 2T ;x5 + T

/
Z(]O =2 Z,] =95 - 3(571

r —r'f?
Conservation:  0"T),, = 8iTij X 8i(Zij\r — r’|_5) =0
Spherically-symmetric potential: ' < R < r

1 | 2 U(r")
2 /
<¢ <r)>1(n - _871.27, /d?" 2 74/2

r
0 R

/23 + 2
5__ / - /27;3)

<CF0 > ren

:47r7“
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Trying 83(r) potential as perturbation

Klein-Gordon eqn: [A] = cm A < “rp©
[0 + A& (r)]o(t,7) =0
Splitting of the field operator:
Lo(z) = 0%, SL(x) = N6 (r) L <K Ly
Renormalized VEV:
A

2 _—
<¢ <T>>I‘()D - 3271_3743

Renormalized enegry-momentum tensor:

1% >\ . . 3 3
<7_;l, (t7 T; 797 90)>1'611 — 647‘[‘37‘5 (6& - 1> dl&g(l/ _17 57 5)

¢ and A\ are independent!
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83 (7) interaction via self-adjoint extension
(0] — A+ X8 (r)]o(t,r) =0
Factorization: H=-A+)8(x)
dE(t, 1) = Ty, (r), Hu, = wu,

Hamiltonian decomposition

: d? 2d I(l+1
H— f = @Hl@)ﬂ =424 4D
=0

angular
Self-adjointness
R? — R*\0, Hy — Ho, Uy — Usy g

+ initial condition depending on parameter «
a — 400 as A — 0 (free Hamiltonian)
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Eigenfunctions and eigenvalues

Attraction (a < 0):

1 sin(wr + 9)
2r  JJw
Vel o—drlalr E = —(47a)?

.
Repulsion (o > 0):

E = W?

continuous : 1, , =

discrete : Uy =

1 sin(wr 4+ 9) -
and =

w
2r  JJw Ama
no negative energy modes!

Hadamard function D(l)(x,x’) = (¢(x)p(x')+ <—>>/2

D(l) = RC/dw e’ w(t'=t) [U* Uy, u +Z ulm Ulm }

[>05m

continuous : 1, , =
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Vacuum polarization induced by the zero-width well

Renormalized Hadamard function
DW= Ro/dw e (t'=1) [uzn(x’) U0 () =1, oo () leOO(L)}
Scalar-field VEV

J(B)
2 _ Wy ) —
<¢ >ren DQ’, (I’,l) A2
where -
e

0
Similar results: D.Fermi, L.Pizzocchero, Symmetry (2018) 10, 0308

TB) = E(B), BB = / 7 it
B
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Introducmg Te(B) = pFd* T (B)/dB"

<Tf = 47T - [(- - 2g)j+ (25 = %)Jl — 5%]

) = 47r I {(45 — —>j+ (— - 2§>j1]
<T9 =T {(%—4&)j+ (3&——)Jl+(——£) }
Total trace:

Sp<fF/7>ren = (1 —6¢) 2T (B) —271(B) + J2(B)

S8m2rd

Splitting:

U Rl 1 Y4
<T/: >1'on - CFH + <§ o 6) CFH <§> ’




Small ar

00 (_1)/&7—1—137]{‘
For ar < 1 E1($):—hl$—7+z_k L

k=1
Scalar-field VEV

) B | In(8meYar)|
<¢ >I‘eIl - 47_‘_2/)/‘2

Energy-momentum-tensor:

In ar Iy .
(T3007:0.00),= g [ (€~ ) a1, -222)-

-
. Edlag(l,l,—l,—l)}

Conservation and trace:

a’/<cz7l/>rcn =0 Sp<T>rCH
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For ar > 1

(e = g5 [1+ 0 ()]

Naive relation Witl‘ll A . |
A—=—+ C’)( ) — ——

Q

Energy-momentum-tensor:

1 -6 : 3 3
<TZ/<Z€,T;197 </9>>ren — leag(l —1 -, —) -+ ...

267375 o ’ 272
Conformal tensor:
TY (+ ,9, = ——— diag ]-7_7__'__ *
< 1 ( , U, 9‘9>>r(}n 512()427T47j() e < 3 3 3)
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Correspondence of two approaches

P-Ei(-p)

0.5

Figure: Plot of J for all real arguments

>0 a >0
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Renormalization

1 1 1

— =t — 50" A=

)\mn A 4e 7

4T\
— €
A+ 4me

A= —47e+ 9
6 = 16m%€% /| Aren)

Figure: Plot of Ayen/4me versus \/4me
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Conclusions

o Static-potential-induced vacuum polarization of
a massless scalar field is computed within the
PT framework;

o Zero-order consists of tadpoles and vanishes in
regularization;

o The Laplacian's SAE gives the exact result for
the repulsive 3D Aharonov—Bohm barrier

o In order to have a correspondence, we have to
impose the coupling renormalization

o In the PT-framework formulae one also has to
substitute A by Ao

o The case of 2D point potential (the real cosmic-
string background), is of the future interest
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